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1.1Historical background

The study of fluid mechanics dates back to the time of ancient Greece. The first major
investigation on fluid statics and buoyancy force was carried out by Greek mathematician and
physicist Archimedes (287 B.C. — 212 B.C.) and results are written in the treatise On
Floating Bodies. The laws of buoyancy given by Archimedes are popularly known as
Archimedes Principle. From that onwards, applications and inventions of fluid mechanics
flourish through numerous trial and error methods. Different mathematical theories regarding
fluid mechanics have immensely contributed to the development of the subject. But
advancement in the field of fluid mechanics was scarcely explored till the Middle Ages. In
16™ century prominent Italian artist Leonardo da Vinci (1452-1519) and Dutch scientist
Simon Stevin (1548-1617) conducted some simple experiments. Based on the contraction and
expansion of air, Italian astronomer and physicist Galileo Galilei (1564-1642) made a simple

thermometer.

Advancement in fluid mechanics accelerated in the 17™ century with Italian physicist
Evangelista Torricelli (1608-1647) developed a relationship between the pressure and
velocity of a fluid. French physicist Blaise Pascal (1623-1662) established laws of
equilibrium of liquids in a most simple manner. Irish chemist Robert Boyle (1627-1691)
presented his law regarding pressure and volume of gas which is known as Boyle’s law.
French physicist Edme Mariotte (1620-1684) and Italian chemist Domenico Guglielmini
(1655-1710) observed the velocity of fluid in a glass pipe and river respectively. English
physicist Sir Isaac Newton (1643-1727) analyzed viscosity, fluid inertia, and resistance using

his laws of fluids.

In the 18™ century, the most notable work on fluid mechanics was done by Swiss
mathematician and physicist Daniel Bernoulli (1700-1782) and French physicist Jean le Rond
d’Alembert. In his classic Hydrodynamica, Bernoulli discussed the pressure and velocity of
fluids. D’Alembert applied the principle of equilibrium to the motion of fluids. In 1786,
based on experiments, Pierre Louis Georges Dubuat (1734-1809) published his book

Principles d’hydraulique which contains a gratifying theory related to fluid motion.

Rapid progress in fluid mechanics was observed in the 19™ century. German civil
engineer Gotthilf Heinrich Ludwig Hagen (1797-1884) and French physicist Jean Leonard

Marie Poiseuille (1797-1869) both researched laminar flow properties. In 1850, German



physicist Rudolph Clausius (1822-1888) brought a new revolution by giving the kinetic
theory of gases. In 1877, French mathematician and physicist Joseph Boussinesq (1842-1929)
described eddy viscosities in a turbulent flow. Irish scientist Osborne Reynolds (1842-1912)
characterized between laminar and turbulent pipe flow while Irish hydraulic engineer Robert

Manning (1816-1897) researched on open channel flow.

The first decade of the 20™ century added a new dimension to the field of fluid
mechanics with the invention of boundary layer theory. On 8™ August, 1904 German fluid
dynamicist and aerospace scientist Ludwig Prandtl (1875-1953) presented a revolutionary
paper titled On the Motion of Fluids in Very Little Friction at the Third International
Mathematics Congress at Heidelberg, Germany. This paper is about the boundary layer and
its importance in streamlining and drag. Prandtl also developed a solution to Navier- Stokes
equation. German physicist Paul Richard Heinrich Blasius (1883-1970) investigated the
solution of the boundary layer equation for flow past a flat plate. German engineer Johann
Nikuradse (1894-1979) and American professor Lewis Ferry Moody (1880-1953) researched

the relationship between pipe flow, friction factor, and Reynolds number.
1.2 General description of fluid

Application of external force deforms all materials. However, fluid is such a
substance that deforms limitlessly under the action of shearing stress. Fluids are categorized
into liquids and gases. The volume of fluid is reduced under compression. The contraction of
volume in liquid is much less than that of gas. This is because intermolecular forces in the
fluid particle are significantly stronger than in gaseous particles. As a result, liquid maintains
its shape or volume. Gaseous particles move freely in air colliding with each other.
Consequently, gas has no definite size and shape. So, for practical problems, liquids and

gases are treated to be incompressible and compressible fluids respectively.

Fluid mechanics is concerned with the conditions under which a fluid is at rest or
enduring in motion. Fluid mechanics can be subdivided into three main parts- fluid statics,
fluid kinematics, and fluid dynamics. Fluid statics is associated with the conditions under
which a fluid is at rest. The study of fluid in motion without considering the effect of external
pressure is defined as fluid kinematics. It is only involved with the rotation, deformation, and
translation of fluid elements. Fluid dynamics is concerned with the velocity, acceleration, and

different forces including external pressure exerted by a fluid in motion. The two main



categories of fluid dynamics associated with the motion of liquids are hydrodynamics

concerned with the movement of gases.

Fluid dynamics has comprehensive applications in various branches of science and
engineering. The studies of large-scale flow on earth’s atmosphere, oceanic waves and
currents, turbulence, etc. are some geophysical applications of fluid dynamics. Technological
and engineering applications include heat engine design, hydroelectric power plants, grinding
and screwing of heavy machinery parts, design of canals and dams, different types of brakes
(like hydraulic brake, anti-lock braking system (ABS), disc brake) rocket engines, oil
pipelines, design of flood control system, design of wind turbine, hydraulic machines, design
of flood control system, air conditioning and refrigeration system, etc. Applications of fluid
dynamics in the human body are so huge that it is studied under a new branch called biofluid
mechanics. It is concerned with the blood circulation in the human body, interaction between
blood cells and vessel walls, blood pumps, heat valve prostheses, magnetic drug targeting,

heat transfer and diffusion in tissues, etc.

Considering the importance of fluid dynamics in day- today life, researchers are now
studying it as a multidisciplinary subject with other classical branches of science. For
example, Electrohydrodynamics (EHD) deals with the motion of electrically charged fluids.
Magnetohydrodynamics (MHD) is based on fluid dynamics and electromagnetic theory.
Hydrology is associated with the movement, management, and distribution of water on earth

and other planets.
1.3 Bascic Terminologies

1.3.1 Fluid Pressure:

When a fluid is kept in a container, it exerts a force at both normal and tangential
directions at each point of the inner side of the container. The normal force acting on the
inner side of the container is termed pressure. Simply, normal force per unit area exerted by
the fluid at each point of the surface of contact is defined as fluid pressure. There are two
main circumstances for the existence of fluid pressure- one is the open condition or open
channel flow (for example, river, atmosphere) and the other is the closed condition or closed
conduit (for example, gas pipelines, water pipelines). Mathematically pressure p at any point
on the fluid is defined as
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where SAand opare the surface area and normal force acting on a fluid element

respectively.
The S.1. unit of pressure is Pascal (Pa) or Newton/m?.
1.3.2 Fluid Density

Fluid density, denoted by the symbol pis defined as mass per unit volume of the

fluid. Mathematically, fluid density at any point of the fluid is defined as
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where 6V is the volume around the fluid element and odm s the mass of the element.
The S.1. unit of density is Kg/m®
1.3.3 Fluid Temperature

The physical quantity that distinguishes a hot body from a cold body is termed
temperature. It is proportional to the kinetic energy of molecules stored in a body. In a fluid,
temperature suggests the random motion of the molecules. With decreasing temperature, the
volume of most of the liquids and all the gases reduces. The temperature at which gas will not
occupy any volume is called absolute zero temperature. At this temperature, the kinetic

energy of gas molecules vanishes and hence no molecular movement is observed.
The S.1. unit of temperature is Kelvin (K).
1.3.4 Fluid Viscosity

The resistive force that opposes the motion of the fluid is termed viscosity. This arises
due to the shearing resistance in a fluid caused by inter-molecular friction exerted when one
layer of fluid attempts to slide over another adjacent layer. As strong intermolecular forces
produce a huge amount of friction, a fluid with high viscosity struggles to flow. Honey,
Mercury, Glue, etc. are some common examples of this type of fluid. On the other hand, a
fluid having low viscosity can easily flow. Water, air, milk, vegetable oil, etc. are fluids

having low viscosity.



Newton's law of viscosity states that the shear stress between two adjacent fluid layers
is proportional to the velocity gradient between the two layers. Mathematically, it can be
written as

du
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where 7 is the shear (tangential) stress, uis a proportionality constant called the coefficient

of viscosity or dynamic viscosity, and 3—“ is the velocity gradient.
y

Therefore, the dynamic viscosity 2 of a fluid can be defined as the tangential force
required per unit area to overcome its internal molecular friction and maintain unit relative
velocity between two fluid layers at a unit distance apart. However, in many practical and
industrial applications, viscosity on the movement of flow is described by the ratio of

dynamic viscosity «to fluid density p rather than g alone. This ratio is called kinematic

viscosity and it is denoted by v . Thus, mathematically,
v=£
Y2

Kinematic viscosity is utilized when both inertia and viscous forces are dominant
whereas dynamic viscosity is utilized when only viscous force is dominant. Pressure has
almost no effect on the dynamic viscosity of fluids unless an extreme case occurs. However,
for gases, kinematic viscosity varies with pressure. Like dynamic viscosity, kinematic
viscosity is independent of pressure for liquids. Ascending temperature diminishes dynamic

viscosity for gases. However, dynamic viscosity for gases hikes with sing temperature.

The S.1. unit of dynamic viscosity is Pascal seconds (Pa.s) or Kg.m™.s and that of

kinematic viscosity is m%/s.
1.3.5 Compressible and Incompressible Fluids

A fluid is called compressible if it shows a considerable amount of change in density
when pressure is applied. Gases exhibit variation in volume and density in presence of even
small variations in temperature or pressure. This is because the volume of the gas is

composed of a large amount of free space between the particles. When external pressure is



applied, the particles move close to one another and hence volume declines. So, gases are

treated as compressible fluids.

On the other hand, the volume and density of fluid do not vary easily if external
pressure is applied to it. The molecules or atoms of the liquids are more closely packed than
that of gases. When the pressure is applied to liquid its density does not change to a
substantial degree. As a result volume of liquids does not vary considerably when external

pressure is applied to them. So, liquids are treated as incompressible fluids.

To distinguish a compressible fluid from an incompressible fluid analytically, the
concept of Mach number is required. Mach number is the ratio of the velocity of fluid flow to
the velocity of sound in that fluid. For compressible fluids, the Mach number is greater than
0.3 and for an incompressible fluid, it is less than 0.3.

1.3.6 lIdeal and Real Fluids

An ideal fluid is inviscid and incompressible. This kind of fluid is only imaginary and
has no existence in nature. ldeal fluids do not offer any shear resistance, i.e., they can flow
smoothly. Real or practical fluids are those fluids that are compressible, viscous, and have

surface tension. This type of fluid offers shear resistance.

1.3.7 Newtonian and Non- Newtonian Fluids

Newtonian fluids obey Newton’s law of viscosity. They possess constant viscosity
and a zero shear rate at zero shear stress i.e., the shear rate is directly proportional to shear
stress. This means the quotient of the shear stress and the shear rate is constant throughout the
fluid. Water, air, gasoline, and alcohol are some common examples of Newtonian fluids.

Non- Newtonian fluids do not obey Newton’s law of viscosity. They exhibit variable
viscosity i.e., the viscosity of these fluids can change under the action of a force. They do not
follow a linear relationship between shear stress and the rate of angular deformation. Glue,

paint, and cosmetics are some well-known examples of Non- Newtonian fluids.



1.3.8 Laminar and Turbulent Flow

The movement of fluid particles along distinct paths or streamlines where no two
paths intersect each other is called laminar flow. In this type of flow, the fluid particles flow
in layers or laminar gliding smoothly over the adjacent layers. The flow of a highly viscous
fluid through a pipe with a small diameter with low velocity is a good example of laminar

flow. Laminar flow is also termed as viscous flow or streamline flow.

The movement of fluid particles in a zigzag way, i.e., the fluid particles do not follow
non-intersecting paths is termed turbulent flow. The movement of fluid particles causes high
energy loss in a turbulent flow. The speed of the fluid at a point continuously changes in both
magnitude and direction. The flow of a fluid through a pipe with a large diameter with high
velocity is a perfect example of turbulent flow.

1.3.9 Steady and Unsteady Flow

In steady flow, the fluid properties like density, velocity, pressure, acceleration, etc.
independent of time. In steady flow, the properties are functions of position only and they do
not depend on time. If P denotes all the fluid properties, then for a steady flow,
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On the other hand, if the fluid properties depend on time, i.e., if they vary from time

to time, then the flow is termed unsteady. For unsteady flow,
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When water flows out of a tap that has just been opened, the flow is unsteady initially,

but with time the flow becomes steady.
1.3.10 Uniform and Non- Uniform Flow

A flow is called uniform if the velocity at a given instant of time is the same in both

magnitude and direction at all points in the flow.



On the contrary, if the velocity changes from point to point in a flow at any given

instant of time, the flow is termed as non-uniform.

1.3.11 One, Two, and Three Dimensional Flow

A flow is termed as one dimensional if different flow parameters like velocity,
temperature, pressure, etc. are functions of time and one space co-ordinate only. Assuming
variation of velocity and pressure along the cross section to be negligible, a flow throws a

pipe is a good example of a one- dimensional flow.

If all the flow parameters are functions of time and two space co-ordinates, then the
flow is said to be two-dimensional. The flow between two infinite plates is a common

example of two-dimensional flow.

A flow is labelled as three-dimensional if all the flow parameters are functions of time
and all three space co- ordinates. An example of such kind is a flow in an open channel in

which the width and the water depth are of the same order of magnitude.

1.4 Heat Transfer

As a consequence of the second law of thermodynamics, heat will flow spontaneously
from a hotter region to a cooler region without any external help. Thus, heat is a vector
quantity and its flow is directed towards decreasing temperature, with a negative temperature
gradient. In general, the transmission of heat or thermal energy from one region to another
due to temperature differences is termed heat transfer. This process is spontaneous and

irreversible until thermal equilibrium is reached.

There are numerous examples of heat transfer in the universe. The human body
continuously ejects heat to its surroundings. The flow of air, the process of cooking, food
processing, etc. are some common examples of heat transfer. The process of heat transfer
plays a pivotal role in many technological and industrial practices. Some of them are
processing of oil and gas, temperature control in die casting, design of I.C. engines, steam

generators, molding of plastic, etc.

There are three modes of heat transfer, namely conduction, convection, and radiation.

It should be noted that more than one mode of heat transfer can occur simultaneously.
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1.4.1 Conduction

The conduction process, also termed thermal conduction, is the method of transfer of
heat within parts of a material or between two substances that are in physical contact. This

process occurs in solids as well as fluids. Conduction can occur in two ways-

By exchange of thermal energy from molecules at relatively higher temperatures to
neighbouring molecules with lower temperatures due to the kinetic motion or direct impact of

molecules.

By the movement of free (valance) electrons, occurring due to variance in
concentrations of free electrons as in the case of liquid metals, electrolytes, and metallic
liquids. The ability of metallic alloys to conduct varies directly with the concentration of free

electrons within them.

As temperature difference is the driving potential for heat transfer, a linear
relationship between the flow of heat and the temperature difference exists. In 1822,
renowned French physicist and mathematician Jean- Baptiste Joseph Fourier (1768-1830), in
his monumental work Theorie Analytique de la Chaleur (The Analytic Theory of Heat),
proposed an experimental law. This law is termed Fourier’s law of heat conduction and it
states that the rate of heat conduction through a plane layer is directly proportional to the
temperature gradient across the layer and the area of heat transfer but it is inversely
proportional to the thickness of the layer. In mathematical form, this law can be expressed as

dT

=—K,A—
Q=-KAL

In the above equation, K, is a proportionality constant known as the thermal

conductivity, A is the area of heat transfer which is perpendicular to the direction of flow of

heat, Z—T is the temperature gradient. The negative sign indicates the flow of heat is along the
X

positive direction of the X-axis and hence heat transfer is a positive quantity. Q is defined as

the heat flow per unit area per unit time across any surface (through which heat propagates)
and is termed heat flux. Fourier's law of heat conduction is similar to Newton’s law of

viscosity for laminar flow.
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Thermal conductivity is a physical property of a material and is defined as the

capacity of the material to conduct heat. Its S.1. unit is Watts per meter Kelvin(Wm™K ™).

1.4.2 Convection

The process of energy transfer between a bounding solid surface and the adjacent
fluid (liquid or gas) when they are at different temperatures and there exists relative motion
between them is termed convection. It is the mode of heat transfer by the bulk movement of
fluid molecules. Initially, heat transfer between the object and the fluid takes place through
conduction, but bulk heat transfer happens due to the motion of the fluid. Convective heat
transfer depends on fluid motion. The faster the fluid movement, the greater is the heat
transfer by convection. When bulk movement is absent, heat transfer between a solid surface
and the adjacent fluid is by conduction (random molecular motion of surface molecules) only.
There are three types of convection - free, forced, and mixed.

When temperature difference occurs, thermal expansion takes place. The hotter layers
of fluid become less dense and the colder layers are denser. This generates buoyancy force
and it propels hotter i.e., less dense parts away. Consequently, the cooler, i.e., the less dense
part rushes to replace it. This induces the movement of fluid. The process of heat transfer in
this manner is called free or natural convection. Sea breezes, oceanic breezes, and land
breezes are perfect examples of free convection. Applications of free convection can be
observed in the cooling of electrical equipment, solar collectors, nuclear reactors thermal

hydraulics, etc.

When fluid flow is induced by some external agencies like pumps, fans, etc., forced
convection takes place. In forced convective flow, the driving force is external to the fluid
and the flow velocities are high. The cooling systems of a car, water geysers, electric fans,
etc., are some common examples of forced convection. Forced convection is used in many
technological phenomena such as the flow within a shell and tube heat exchanger, the flow of
fluids over flat surfaces, the flow of water through nuclear heating elements, the flow of a

cryogenic liquid coolant in certain digital computers, etc.

When free and forced convection are both of the same orders of magnitude, the
convection is called mixed. For instance, if air flows over a vertical surface at a relatively low

velocity but the surface is heated at a considerably high rate, both free and forced convection
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are expected to occur. Mixed convection takes place in various industrial and technological
applications such as electronic devices cooled by fans, cooling of nuclear reactors heat

exchangers placed in a low-velocity environment, etc.

In 1701, noted scientist Sir Isaac Newton observed that the rate of heat loss from a
body is directly proportional to the temperature between the body and the surroundings.

This law is known as Newton’s law of cooling. Mathematically, this law can be stated as
Q = hpg (TS _Toc)

where A, is the surface area through which convection takes place, Here h is the convective
heat transfer coefficient, As is the surface area through which convection takes place, T,is the

surface temperature, T_is the temperature of the fluid far away from the surface, and Q is the

convective heat flux.
The S.I. unit of convective heat transfer coefficient is Wm?K™.
1.4.3 Radiation

The process of emission or transmission of energy by matter in the form of
electromagnetic waves or photons is termed as radiation. Conduction or convection requires a
material medium for the energy to transmit. However, radiation does not necessarily require a
material medium to transport energy. Hence, radiation is the most powerful mode of heat
transfer. Heating up of the earth's surface by the rays of the sun is a perfect example of

radiation.

The two main theories that explain the heat transfer process by radiation are- wave

theory and quantum theory.
1.4.3.1 Wave Theory

In his treatise A Dynamical Theory of the Electromagnetic Field, Scottish scientist
James Clerk Maxwell (1831-1879) first proposed that if an electrically charged particle moves
under acceleration, alternating electrical and magnetic fields are produced and transmitted. These

fields are transmitted in the form of waves. These waves are called electromagnetic waves or
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electromagnetic radiation. The radiation in form of electromagnetic waves declines the internal
energy of the emitting body unless the heat is generated within that body equivalent to the
decrease in internal energy. However, this theory does not explain the photoelectric effect
and blackbody radiation.

1.4.3.2 Quantum Theory

Renowned German physicist Max Planck (1858-1947) postulated quantum theory.
According to this theory, molecules and atoms emit or absorb energy only in discrete
quantities. The smallest amount of energy that can be emitted or absorbed in the form of
electromagnetic radiation is called a quantum. The energy of the radiation absorbed or
emitted is directly proportional to the frequency of the radiation. Mathematically, it can be
written as

E=hv
where E is the energy of radiation, vis the frequency of the radiation and his a

proportionality constant known as Planck’s constant. The experimental value of Planck’s

constant is 6.626x10*J.s

The form of radiation emitted by bodies due to their temperature is termed thermal
radiation. It is different from other types of electromagnetic radiation such as Xx-rays,
microwaves, gamma rays, radio waves, etc. as these are not related to temperature. Thermal
radiation depends on various factors like surface area, spectral emissivity, surface reflexivity,
temperature, geometrical configuration, etc. All materials which are at a temperature above
absolute zero naturally emit thermal radiation at various intensities. Hence every solid and
fluid emits, absorbs or transmits radiation spontaneously to varying degrees. Radiation is
considered to be a surface phenomenon for solids whereas it is considered to be a volumetric

phenomenon for fluids.

The highest rate of radiation that can be emitted from a surface is given by Stephen-

Boltzmann law-

Qmax = O-'AgTSAl
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where A, is the surface area, T, is the temperature, and o is the Stephen- Boltzmann constant

whose value is 5.67 x10°Wm™K ™. The body that emits radiation at the rate Q__ known as a

blackbody and radiation emitted by such a body is called blackbody radiation. However,
radiation emitted by all real bodies is less than blackbodies at the same temperature. The
amount of radiation emitted by real bodies is defined as

Qemit = ‘C"G'ASTSA
here ¢ is the emissivity of the surface. (0<&<1)

Similarly, radiation absorbed on a real surface is defined as

4
Qabsorbed = aG&Ts

here « is the absorptivity of the surface. (0<a <1)

For blackbody, both emissivity and absorptivity are of magnitude unity. Hence a

blackbody is a perfect emitter as well as a perfect absorber. The quantity Q... = Q.uit = Qubsorbed

gives the net radiative heat transfer of the surface. The surface loses energy if Q. >0 and

net

gains energy if Q. . <0. Radiative heat transfer between a surface and its surroundings

net
occurs simultaneously with conduction or convection. Though radiation is considered to be
insignificant relative to forced convection, it is very significant relative to conduction and

free convection.
1.5 Mass Transfer

The movement of a species from a higher concentration region to a lower
concentration region is called mass transfer. The process of mass transfer requires two
regions at distinct species concentrations and the process continues until an equilibrium state
is established. Mass transfer occurs in solids, liquids as well as in gases. Unlike heat transfer,
the mass transfer phenomenon has several driving forces like concentration difference (for
liquids), mole difference (for gases and liquids), pressure difference (for gases), etc.

Evaporation of water from river to the atmosphere, distillation of alcohol, purification of
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blood in the kidneys and liver, etc. are some common examples of mass transfer. Many
industrial and engineering activities like adsorption such as scrubbers or stripping, separation
of chemical components in distillation columns, absorbing activated carbon beds, absorption,
liquid extraction, drying, leaching, etc. encounter mass transfer. There are two main modes of

mass transfer- mass diffusion and mass convection.
1.5.1 Mass Diffusion

Mass diffusion occurs due to macroscopic random molecular motion or the laminar
flow of fluids. Like the conduction process of heat transfer, diffusive mass transfer originates
from molecular activity. Mass diffusion can be observed in solids, liquids, and gases.
However, mass transfer is strongly influenced by molecular spacing diffusion and as a result,
it occurs more expeditiously in gases than in liquids and solids and more rapidly in liquids
than in solids. In 1855, renowned German scientist Adolf Eugen Fick (1829-1901) put
forward a rate equation for mass diffusion stating that the mass flux of the diffused substance
and the concentration gradient are responsible for mass transfer. This law is known as Fick’s
law of diffusion. Suppose, in a binary mixture of two species A and B, in which composition
varies in the X direction and molecular diffusion occurs within the fluid due to the non-
uniformity of composition until equilibrium is established. According to Fick’s law of
diffusion, the mass flux of an element per unit area is proportional to the concentration

gradient. Mathematically, it can be written as,

dc
J, =-D,, —2
A AB dX

A 1S the molal flux of species A in x direction, dd& is the molal concentration
X

where J
gradient of component A in the x-direction, D,; is a constant of proportionality known as
mass diffusivity (or the diffusion coefficient) of component A diffusing through component
B . The molal concentration of component A is expressed by the quantity C, and is defined
as the number of molecules of component A per unit volume of the mixture. The negative
sign in Fick’s law indicates that mass diffusion takes place in the direction of decreasing
concentration. Similarly, we can find the rate equation for the molal flux of species B. It
should be noted that for a binary mixture of species A and B, the mass diffusivity of A with

respect to B is equal to the mass diffusivity of B with respectto A i.e., D,; = Dg,.
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The Sl unit of mass diffusivity is m?/s.
1.5.2 Mass Convection

Mass transfer by convection takes place due to the bulk movement of fluid. It is
concerned with the transfer of mass between two relatively immiscible moving fluids or
between a moving fluid and a surface. Convective mass transfer arises if the bulk velocity is
appreciable or the constituents in a binary mixture are moving with significant relative
velocities. Likewise to convective heat transfer, mass transfer by convection can be
subdivided into free or natural and forced mass convection. The convective mass transfer

phenomenon is analogous to the convective heat transfer process.

The difference in species concentration causes variation in densities in a fluid
mixture. This variation produces a buoyancy force. The movement of mass due to buoyancy
force is termed free convective mass transfer. The evaporation of alcohol is a perfect example

of free convective mass transfer.

The process of movement of mass developing with the help of external sources is
called forced convective mass transfer. An example of forced convective mass transfer is the

evaporation of water from an ocean when air blows over it.
1.6 Chemical Reaction

A chemical reaction is a process in which a substance is transformed chemically
under the influence of some energy such as light, heat, electricity, etc. This process can be
spontaneous or non-spontaneous. It involves the exchange of electrons in the breaking and
formation of chemical bonds, and consequently, chemical substances changes, and some
energy is absorbed or released in the process. A chemical reaction can be segregated as
homogeneous and heterogeneous. If the chemical reaction appears evenly in a single phase
i.e., either gas, solid, or liquids, or is entirely dependent on the nature of the interactions of
the reacting substances, then it is termed as homogeneous chemical reaction. An example of
such kind of reaction is a mixture of oxygen and common LPG gas that produces flame under
heat energy. On the other hand, in a heterogeneous chemical reaction, one or more chemical
reactants experience chemical change at an interface. Some common examples of such kind

of reaction include corrosion of iron, the reaction of solid metals with acids, etc.
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The concentration of the reactants plays a pivotal role in a chemical reaction. The rate
of a chemical reaction is defined as the variation in concentration over time. The number that
characterizes the relationship between the rate of a chemical reaction and the concentrations
of the reactants is termed as the order of that chemical reaction. The chemical reactions where
the rate is independent of the concentration of reactant, i.e., the change in concentration of

reactant does not affect the speed of the reaction is called a zeroth-order chemical reaction.
The rate equation of zeroth order chemical reaction can be written as rate = K, [A]0 =K, ,

where K, is the zeroth order homogeneous rate constant and [A] is the concentration of one

of the reactants. If the rate depends linearly on the concentration of only one reactant, then it
is known as a first-order chemical reaction. The rate equation of first-order chemical reaction

can be stated as rate:Kl[A]lzKl[A] where K, is the first-order homogeneous rate

constant. Similarly, if in a reaction whose rate depends on the concentration of one reactant
raised to the second power or on the concentration of two different reactants, each raised to
the first power is called second — order reaction chemical reaction. Mathematically, the rate

equation for second-order chemical reaction can be written as rate:Kz[A]Zor
rate = K,[A][B] where K, is the second-order rate constant and [A]and [B]are the

concentration of the reactants.

1.7 Gray and Non-Gray Gases

The optimal thickness of a material is defined mathematically as

I
1=log, (ITOJ :

where |, denotes the original intensity of the beam of light and 1 denotes the intensity of
light after passing through the material. A gas is termed as optically thin if t<<1 and it is
called optically thick if t>>1. Optical thickness is a dimensionless quantity and it measures

the capacity of a particular material.

Also, a gas is said to be gray if its optical thickness t does not depend on the wave
number of electromagnetic radiation. Otherwise, the gas is said to be non-gray. All
commonly found atmospheric gases are non-gray in general. For optically thick non- gray

gas, the Rosseland approximation method is used to describe the heat flux due to radiation
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that appears in the energy equation whereas, in the case of optically thin non-gray gas,

Cogley’s model is used for the same.

1.8 Porous Medium

A medium or material that contains holes or voids through which fluids can easily
flow is termed as a porous medium. The skeletal part of the material is called pore space or
frame or matrix. Generally, pore space is constituted of solids. Many natural substances such
as rocks, soils, zeolites, biological tissues (such as wood, cork, bones, etc.), and artificial
materials such as foams, cement, ceramics, etc. are some examples of porous medium.
Numerous scientists and researchers work extensively in the fields involving porous medium
due to their diverse practical applications. Some of these fields are soil mechanics, rock
mechanics, petroleum engineering, geo-mechanics, bioremediation, hydrogeology, filtration,
geoscience, acoustics, constructing engineering, material sciences, physical sciences, life
sciences, etc. In his book Ankituing Zun Naturlehre, Leonhard Euler was the first to introduce

the concept of a porous medium.

However, the basic law governing fluid flow through porous media was given by
French civil engineer Henry Philibert Gaspard Darcy (1803-1858) in the year 1856. This law
is known as Darcy’s law. He formulated this law based on an experiment with natural sand,
the proportion of water volume flowing through the sand, and the loss of pressure. This law is
valid only for laminar flow through fine-grained sediments. To formulate the law, Darcy
used Navier- Stokes equation. The law is analogous to Ohm’s law of electrical networks,
Fick’s law of mass diffusion, and Fourier’s law of heat conduction. Though porous media is
non-homogeneous, for experimental analysis, Darcy considered it to be homogeneous.
Hence, this law is valid for a situation where the porous material is already homogeneous and
already saturated with the fluid. Mathematically, this can be expressed as-

where, q is the filter velocity or volume flow rate or filter velocity, x is the coefficient of
viscosity, p is the pressure, and k is in general a second-order tensor called the permeability

of the porous media. Permeability characterizes fluid motion through a porous medium.
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To elucidate the transitional flow between the boundaries, noted researcher H.C.
Brickman extended Darcy’s law by adding a term known as Brickman’s term. However, this
correction term is only applicable for those flows where the medium is highly porous. Due to
its complexity in use, such a term is generally omitted. Including the Brickman term,

mathematically Brickman equation can be expressed as-
— k — 772 =
G=—"(Vp-2v'q)

where 7, is called as effective dynamic viscosity for the Brickman model and it is defined as

A, =L_. In the case of laminar viscous flow, a first approximation gives result as
porosity

A = u Incorporating with the above two equations, the Navier-Stokes equation for the flow

of an incompressible viscous fluid through a porous medium can be stated as-

A on ] e M o
p{§+(q-v)q}——Vp—Eq+wq+pF

where F is the external force acting on the fluid per unit mass.
1.9 Thermal Diffusion Effect or Soret Effect

When both thermal and solutal convection occurs simultaneously in a fluid mixture,
then the relation between driving potential and flux becomes more complicated. The mass
flux is generated by both the temperature gradient and concentration gradient. The effect of
mass flux under temperature gradient is termed as the Soret effect or thermal diffusion effect.
This effect was first observed by German physician Carl Ludwig in 1859. But, the first
experimental work was done by Swiss chemist Charles Soret in 1879. He conducted the
experiment using solutions containing Sodium Chloride (NaCl) and Potassium Nitrate
(KNOg) in pipes with heated or cooled ends. He observed that when two parts of a liquid are
maintained at different temperatures, then the solute of the liquid has a tendency to move
from a warmer region to colder region. Consequently, the smaller light molecules get
separated from large heavy molecules under a temperature gradient. In Soret effect, there
exists a difference in concentration of components in the region of high and low

temperatures. This concentration difference in turn contributes in the occurrence of diffusion.
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The aspect of mass flux under a large temperature gradient fascinates several theoretical and
experimental researchers. Renowned Dutch physical chemist Jacobus Henricus van’t Hoff
(1852-1911) was the first to publish theoretical work on Soret effect in 1887. He developed
an interrelationship between gases and dilutes solutions and predicted that the solute would
distribute itself so that its osmotic pressure remains constant throughout the system. Later,
this effect was elaborated by British mathematician and geophysicist Sydney Chapman
(1888-1970). This effect has many applications in different chemical and physical processes,
isotope separation, etc.

1.10 Diffusion Thermo Effect or Dufour Effect

If two non-reacting and chemically different fluids are allowed to diffuse into each
other, initially at the same temperature, then the system produces a heat flux. The effect of
heat flux owing to a significant composition gradient is termed as the Dufour effect or
diffusion thermo effect. It is the inverse phenomenon of the thermal diffusion effect.
Renowned Swiss scientist L. Dufour discovered this effect in 1873. The Dufour effect is
typically disregarded in heat and mass transport processes as they are of a lower order of
magnitude compared to the effects described by Fick's or Fourier's laws. This effect is usually
negligible for binary liquid mixtures. However, the diffusion thermo effect is found to be of
considerable magnitude in the case of medium molecular weight (like N, air) so it cannot be
neglected as emphasized by Eckert and Drake (1972). Application of diffusion thermo effect

can be found in many areas, especially in chemical reactors and CVD problems.
1.11 Magnetohydrodynamics (MHD)

The branch of physics that deals with the interaction of a magnetic field with
electrically conducting fluid is termed as Magnetohydrodynamics (MHD). “Magneto” means
electromagnetic fields, “hydro” means fluids and "dynamics” denotes the forces and the laws
of motion. So basically, MHD is the mathematical model for low-frequency interaction
between electrically conducting fluids and electromagnetic fields. Saltwater, liquid metals,
electrolytes, and plasma are some common examples of electrically conducting fluids. (A gas
is electrically insulating at ordinary temperature. However, at a very high temperature (6000
K-10000 K), almost every element of the gas gets ionized and it becomes highly electrically
conducting. Such state of a gas is known as plasma). Both fluid Mechanics and MHD are part

of continuum mechanics, and often they produce closely related results. Both of them are
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fundamental to many spellbinding areas of astrophysics and geophysics. They have a wide
variety of applications in the human body, many engineering and technological problems as
well as numerous cosmic events. Magnetohydrodynamics is also called Magneto gas
dynamics and Magneto-fluid mechanics. It is the only dynamics related to electrically
conducting fluids. With the introduction of the Lorentz force, the governing laws of MHD
become different from conventional laws of hydrodynamics. Due to its complexity, many
researchers devoted themselves to studying different consequences of MHD. The principle of
MHD is based on the following two phenomenons-

i An induced magnetic field associated with the current which perturbs the original

magnetic field.

ii. An electromagnetic force originating from the interaction of current and field
which perturbs the original fluid motion.

Thus, MHD appears from one of the mutual interactions between the electromagnetic
field and fluid velocity field. The motion affects the magnetic field by carrying the magnetic
field lines partially (depending upon the electrical conductivity of the fluid) along with it and
the magnetic field affects the motion by producing a mechanical force namely the Lorentz

force.

The equations which describe MHD flow are a combination of Maxwell's equations
of electromagnetism and Navier-Stokes equations of fluid dynamics. As MHD is a continuum
theory, it cannot be treated like a kinetic phenomenon, i.e. those in which the existence of
discrete particles or of non-thermal velocity distribution is important. Maxwell's equations
describe the properties of electric and magnetic fields and connect them to their sources,
charge density, and current density. There are four equations of electromagnetism
emphasized by Maxwell and they are as follows:

I V.E=£ (Gauss’s law of electrostatics)

&y

ii. V-B =0 (Gauss’s law of magnetism)

iii. VxE = —% (Faraday’s law of electromagnetic induction)
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. - = = oE . .
Iv. VxB=pu,d+ uye, E (Ampere’s law with Maxwell’s correction)

where B,E,J,u,,p ,t,&,denote the magnetic induction vector, electric field density

vector, current density vector, magnetic permeability of the medium, density, time and

permittivity of the medium respectively.

It is assumed that the medium is not significantly polarisable or magnetisable, which
is pertinent for a highly conducting medium where currents are produced due to the
movement of free electrons. Gauss’s law of electrostatics relates the total electric charge
contained within a closed surface (called Gaussian surface) to the surrounding electric field.
Mathematically, this law depicts how charges affect the divergence of an electrical field
(electric field lines diverge from positive charges toward negative charges). It also states that
the total electric flux through a Gaussian surface is independent of the shape and size of that
surface. Gauss’s law of magnetism states that the total magnetic flux through a Gaussian
Surface is zero. This is due to the fact that in the real world, magnetic charges exist in pairs
(referred to as dipoles) and they create opposite magnetic field divergences which cancel out
each other. In theory, a single magnetic charge is termed as a magnetic monopole. As a
consequence of Gauss’s law for magnetism, it is clear that magnetic monopoles (i.e. free
magnetic charges) do not exist in nature. Faraday’s law of electromagnetic induction
interprets the reason behind the electric field being produced by a varying magnetic field. The
principles of several electric generators are based on this law. For instance, the force of water
falling from a hydroelectric dam spins a huge magnet, and the varying magnetic field induces
an electric field that drives electricity through the power grid. Based on a series of
experiments, noted British scientist Michael Faraday (1791-1867) formulated this law in
1831. Ampere’s law with Maxwell’s correction states that magnetic fields can be generated in
two ways- one by electrical current (this was the original law given by French physicist
Andre Ampere (1775-1836)) and the other by time-varying electric fields. The phenomenon

of changing electric field induce magnetic field can be described from the modern concept of
: 0E . : _ :
displacement current goEwhlch was introduced to maintain the solenoid nature of

Ampere’s law in a vacuum capacitor circuit. Here, &, denotes the permittivity of free space.

This modern displacement current concept has the same mathematical form as Maxwell’s
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original displacement Currentea. Maxwell’s original displacement current applies to

polarization current in a dielectric medium and it sits adjacent to the modern displacement
current in Ampere’s law. The modern extension to displacement current applies in the pure
vacuum. This asserts that a changing electric field can induce a magnetic field, and vice-
versa. From this modern interpretation, it is understood that, even if no electric charges or
currents are present, it is possible to have stable, self-perpetuating waves of oscillating
electric and magnetic fields, with each field driving the other. Ampere's law emphasizes the
fact that a changing electric field induces a magnetic field. Maxwell's equations are generally
applied to macroscopic averages of the fields, and it is only in this averaged sense that one
can define quantities such as the permittivity and permeability of a material/medium. The

fields in Maxwell's equations are generated by charges and currents.

There are two types of MHD- ideal and resistive. The simplest form of
magnetohydrodynamics is termed as ideal MHD. In an ideal MHD, resistivity is assumed to
be very little and hence it is a perfect conductor. In an ideal MHD, magnetic field lines
surround or bounds the fluid as stated in Lenz’s law. The equation of the ideal MHD consists
of the continuity equation, the Cauchy momentum equation, Ampere’s law avoiding current
displacement and a temperature evolution equation. Fine-scale magnetic turbulence or current
sheets introduce small spatial scales into the system over which ideal MHD demolishes. This

causes magnetic diffusion to occur very rapidly and resistive MHD takes place.

In an MHD heat transfer problem, the term containing Joule heating turns up in the
energy equation and the Lorentz force comes into action as stated earlier. In a system with
forced convection, the energy equation is detached from Navier-Stokes equation and
Maxwell’s equations electromagnetic equations. However, in a natural convection system,
the Navier-Stokes equation breaches the energy equation. To efficiently design a
magnetohydrodynamic device, it is important to study thoroughly information regarding

electromagnetic, velocity and temperature fields.

There are several applications of the MHD principle in various branches of science
and technology such as in engineering, geophysics, astrophysics, aeronautics, medical
science, etc. Engineering applications include electromagnetic casting, liquid metal cooling
of nuclear fission reactors, creation of MHD propulsion force, welding, design of heat

exchangers, magnetic filtration and separation, refining and solidification, design of
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laboratory devices, brakes, dispersion and granulation of metals, metallurgy, etc. Scientists
use MHD to study numerous geophysical phenomena out of which earthquakes and the
earth's magnetic field are preeminent. MHD is used to describe different astrophysical events
such as solar wind, solar flares, astrophysical plasma, etc. The method of magnetic drug

targeting which is generally used in cancer treatment is based on the MHD principle.
1.12 Boundary Layer Theory

In 1903, American aviation scientist brothers Orville Wright and Wilbur Wright
invented and flew the first practical airplane. However, with the passing of time, it became
more and more arduous in determining the lift and drag forces on airplanes. Aviation
scientists need to calculate both pressure and shear-stress distributions and integrate them
over the surface of the airfoil to measure these forces. With the help of various
approximations, the distribution of pressure can be appraised. But, the calculation of the
shear-stress distribution requires the inclusion of internal friction and the consideration of
viscous flow and is thus needed to tackle the Navier-Stokes equations for viscous flow.

Navier-Stokes equations become weak nonlinear due to the presence of the convective term “
G-V > (g and Vare velocity of fluid and gradient operator respectively). To date, it is not

possible to obtain a complete analytical solution of Navier-Stokes equations. For very small
Reynolds number i.e., for high viscous fluid flow, where inertial forces can be neglected
completely, some exact solutions of the Navier-Stokes equations can be calculated. However,
if the fluid flow is characterized by a large Reynolds number, i.e., when either viscosity is
small or when viscous forces and inertia forces are of the same order of magnitude in a
significant portion of the flow system, the effect of viscosity of the fluid cannot be neglected.
It is therefore required to retain both inertial and viscous terms in Navier-Stokes equations
and consequently, the theory of non-viscous fluid dynamics fails to explain the flow of such
fluids neighboring a solid boundary placed in the fluid itself. To overcome these limitations,
German scientist Ludwig Prandtl proposed boundary layer theory for a fluid flow concerning
small viscosity or large Reynolds number. His approximations for boundary layer simplify
Navier Stokes equations so that it becomes solvable keeping both inertial and viscous forces.
Brief discussions on various types of boundary layers involved with real fluid flow are given

below:

24



1.12.1 Velocity Boundary Layer

Let us consider a two-dimensional laminar flow of a viscous, incompressible, and
electrically conducting Newtonian fluid past a semi-infinite vertical flat plate at zero
incidences. We also assume that this fluid possesses a very small viscosity, i.e., the Reynolds
number of the fluid is large. As the fluid is real and Newtonian, so it does not slip or slide
over the plate, but sticks to it and as a result, the adherent fluid particles will attain zero

velocity on the plate, (u =0, at the plate). The flow configuration is given below

vy AN

Velocity (momentum) Free stream region

boundary layer region u=U,
u=U,
—_ S Plate surface
—> u=0 \l/
—>

0] X

Figure 1.1: Velocity boundary layer

The velocity of the fluid increases gradually and attains the free stream (or full
stream) velocity asymptotically at a sizable distance from the plate. The transition from zero

velocity at the plate surface to the free stream velocity U_ generates a velocity gradient

within a very thin fluid layer in contact with the plate and this layer is termed as the velocity
boundary layer. The velocity boundary layer is also called the momentum boundary layer as
it changes in momentum within the layer. Practically, the velocity boundary layer is
considered to be the region where the fluid velocity is parallel to the surface of the plate and
it is less than 99% of the free stream velocity. The quantity 6 is referred as the thickness of
the velocity boundary layer. As the distance from the surface increases, the boundary layer
thickness & hikes. Although there is no such physical delimitation between the boundary
layer and the mainstream, a fictional line having almost zero velocity gradients separates the
mainstream from the boundary layer. This imaginary line is termed as the edge of the
boundary layer. Ludwig Prandtl first proposed the idea of dividing the fluid into two regions.
For the convenience of mathematical analysis, the flow region is divided into two sub-

regions-
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e A very slim layer (called boundary layer) contiguous to the plate surface in which the
effect of fluid viscosity is prominent and the viscous and the inertial forces have

magnitudes of the same order. A velocity gradient with a very large value near the

L . ou .
wall exists in presence of viscous drag as 75 (as emphasized by Newton) even

when fluid viscosity is quite small.

e Inthe region outside of the boundary layer, the velocity gradient %u is so small that it

can be neglected and accordingly viscous forces may be ignored completely. The
inertial forces dominate this region and here the theory of ideal fluid offers a very

good approximation.

Whenever there is fluid flow over a surface, the velocity boundary layer develops and
it acts as a basic concept behind convective transport problems. In some situations where the
fluid passes the leading edge of the plate, both viscous forces and velocity gradients are of
higher order in magnitude. Then the fluid moves in the laminar regime and the boundary
layer thus developed is very thin. This type of boundary layer is termed as the laminar
boundary layer. However, as the fluid travels further downstream along the plate, the flow of
the fluid gets retarded under the influence of viscous shear and accordingly, the boundary
layer becomes thick. This results in a gradual decrease of the velocity gradient. The thickness
of the boundary layer forces the particles to move out of the smooth layers and thus the
laminar motion becomes unstable. As a result, the flow becomes turbulent. This type of

boundary layer is labelled as a turbulent boundary layer.
1.12.2 Thermal Boundary Layer

When there is a difference between solid surface temperature and free stream
temperature exists, the thermal boundary layer develops. Let us consider a non-conducting

isothermal flat plate placed horizontally along X —axis. The plate temperature is kept uniform
at value T, except the leading edge, where the temperature is equal to the outside free
temperature and is measured as T_. Let us consider T, >T,_ , i.e., the plate is ‘hot’. At the

plate's surface temperature, the fluid particles coming into contact with the plate surface
achieve thermal equilibrium. Subsequently, these particles swap energy with those in the

adjacent fluid layers, and hence thermal gradients establish in the fluid. The region of the
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fluid in which temperature gradients take place is termed as the thermal boundary layer. The
thickness of this layer is denoted by and its thickness 6, . With increasing Y- distance from the
plate surface, the fluid temperature inside the boundary layer tends to the free stream
temperature, i.e., T(X,y,t)—>T,. As the distance from the leading edge increases (i.e, with

increasing values of x), the effects of heat transfer permeate further into the free stream and in

the expansion of thermal boundary layer thickness &, can be defined as the value of y for

T,-T

which =0.99.

w 00

The thickness of the velocity boundary layer ¢ and the thickness of the thermal

boundary layer o, are connected by Prandtl number of the fluid. For fluids having pr =1, it is
noticed that ¢ = ¢,. For those fluids having Pr >>1, it is observed that 6, <<J and on the

othe hand, for fluids having Pr <<1, it is noticed that &, >> ¢ .

Y p.
Thermal boundary Free stream region
layer region T=T,
u=U_ : \
T=T T(x,y.t)
% S, Plate surface
2 u=0 P \l/
o <— I,—> X

Figure 1.2: Thermal boundary layer

Due to the existence of temperature gradient in the fluid, variation in fluid density

take place. Let p and p, be the densities of fluid in the thermal boundary layer and in free-

stream respectively. The fluid particles in the immediate vicinity of the hot plate become
warmer (and hence lighter) than the surrounding colder (and hence heavier) fluid particles

and this result in a local change of density. Under the assumption of no-slip conditions, heat
transfer takes place only by heat conduction. Heat flux q”at any distance x from the leading

edge may be determined by applying Fourier’s law of heat conduction to the fluid at the plate

(i.e., at y=0) as
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where « is the thermal conductivity of the fluid medium. Also from Newton’s law of cooling ,

we get " =h, (TW —TOC) , where h, is the local heat transfer coefficient. Combining Fourier’s

law with newton’s law of cooling, we obtain

oT }
el
% 1,

hT B TW _Too

It should be noted that both T, and T, are taken to be constant, and hence T,—T_ is

also a constant. Also thickness of thermal boundary layer ¢, hikes with increasing x, and

hence the magnitude of the temperature gradient (ﬂj must decrease with increasing x.
y=0

1.12.3 Concentration Boundary Layer

When there is exists a difference between the surface concentration and free stream
concentration of the species, a concentration boundary layer establishes. The concept of

concentration boundary layer is analogous to that of thermal boundary layer.

Y o,
Concentration boundary Free stream region
layer region C=C,
u=U, \
C=C C(x,p.1)
% o, Plate surface
—2 u=0 P \l/
N N
0 <—C—> X

Figure 1.3: Concentration boundary layer

Let us consider a flat plate lying along the X -axis and the fluid is viscous Newtonian,
incompressible, electrically conducting and it flows over the plate. It is also assumed that the

fluid medium composed of a single chemical species. Let concentration of species in the fluid
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at the surface is uniform and equal to C, and that in the free-stream is also uniform and equal

to C . For C, >C_, the chemical species present in the fluid diffuses from the surface of the
plate into the fluid and a concentration boundary layer will be formed. This diffusion is based
on the fact that mass flows from a region of higher concentration to a region of lower
concentration. The effects of mass transfer penetrate further into the free-stream resulting in

the growth of concentration boundary layer thickness o, which is defined as the value of y

c,-C

for which =0.99

w [}

Due to the difference of species concentration in the fluid, variation in fluid density

take place. Let p and p, be the densities of fluid in the concentration boundary layer and in

the free-stream respectively. Under the assumption of no-slip conditions, there is no fluid
motion at the plate surface. Consequently, the mass transfer takes place only by diffusion.

Mass flux M, at any distance x from the leading edge, may be determined by applying Fick’s
law of mass diffusion to the fluid at the plate (i.e., at y=0) as

M, =-D,, @}
¥

where D,, is the mass diffusivity of the fluid medium. Again as analogy to Newton’s law of

cooling, we getD,, =h, (T,—T,), where h, is the local mass transfer coefficient.

Combining both, we obtain

oC
-D. —
. ay :|y=0

hy = ———=
" ¢c,-C,

1.13 Basic Equations

Fundamental equations that govern the convective flow of an electrically conducting,
incompressible, viscous, chemically reacting and radiating fluid in a porous medium in
presence of a magnetic field having constant mass diffusivity and thermal diffusivity taking
account of both thermal diffusion and diffusion thermo effects are
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Continuity equation:

V-q=0
Gauss law of magnetism:
V-B=0
Ohm’s law for moving conductor:
J-o(E+qxB)

Faraday’s law of electromagnetic induction:

VxE=-2
ot
Kirchhoff’s first law:
V-J=0
Ampere’s law:
VxBop J
Magnetic induction equation:
oB - -
—=nVB+Vx(GxB
5N (a~B)
Momentum equation:
08, (c.9Vd |2 F Vot B uvic M
—+|q-V)q|=F-Vp+IxB+uVq-——+
/{ ~+(d )q} p Vit
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Energy equation:

2 —_— —_—
pCp[ﬂ+(q-V)T}:KVZT +‘]—+¢7+Q—V-qr +%V2C
o

ot
Species continuity equation:

%+(qﬁ)c =D, V’C + Pl gor +R,

M

Equation of state as per Boussinesq approximation:

p.=p[1+B(T-T,)+B(C-C,)]
where

denotes fluid velocity vector

o

B denotes the magnetic flux density

o denotes electrical conductivity

m

denotes electrical field

J denotes the current density

4, denotes magnetic permeability

n denotes magnetic diffusivity

p denotes fluid density

F denotes external force per unit volume
p denotes pressure

u denotes coefficient of viscosity

K" denotes permeability of the medium

C, denotes specific heat at constant pressure
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T denotes fluid temperature

x denotes thermal conductivity

¢ denotes viscous dissipation of energy per unit volume

Q denotes heat source/sink

g, denotes radiation heat flux vector
D,, denotes mass diffusivity
C, denotes concentration susceptibility

C denotes molar species concentration

T,, denotes mean fluid temperature
R. denotes rate of molar production of species per unit mass by chemical reaction

£ denotes volumetric coefficient of thermal expansion
B denotes volumetric coefficient of solutal expansion

1.14 Boundary Conditions

The boundary conditions of a flow of an incompressible viscous electrically
conducting fluid through a porous medium in the presence of a transverse magnetic field are:

i.  The fluid does not slip at the boundary.

ii. T=0orT=T,or [ﬂj IS constant.

y=0

iii. C=0orC=C, or (ﬁj IS constant.

y=0
iv. T —>T, ata large distance from the boundary (i.e., far away from the plate).

v. C —C_ ata large distance from the boundary ( i.e., far away from the plate ).
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1.15 Dimensions of some some important physical quantities

Fundamental Quantity

Mass

Length

Time
Temperature
Electric current

Amount of substance

Derived Quantity

Magnetic flux density

Specific heat at constant pressure

Chemical molecular mass diffusivity

Pressure

Permeability

Molar species concentration
Acceleration due to gravity

Velocity

Convective rate of mass transfer per

unit area (Mass flux)

Convective rate of heat transfer per unit

area (Heat flux)

Viscosity

M

Dimension

mol

Dimension

M 1 LOT-ZA-l
MO L2-|—-2 K-l
MOLZT-l
MlLlT—Z
MOLZTO

ML *T%mol*
MOLlT—Z
MOLlT—l

ML 2T mol*

M 1 LOT-3 KO

MlL—lT—l
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Kinematic Viscosity MoLAT?

Volumetric coefficient of thermal M°L°T°K™*

expansion

Volumetric coefficient of thermal M°L3T°mol™

expansion

Thermal diffusivity MOLAT K
Density ML3TO
Shear stress MILT
Thermal conductivity ML 3K
Electrical conductivity MIL3T3A2

1.16 Dimensional Analysis and Non- Dimensional Quantities

A physical equation is nothing but the relationship between more than one physical
quantity. For any equation expressing a physical relationship between quantities to be correct,
it must be dimensionally homogeneous and numerically equivalent. By dimensional
homogeneity, we mean that every term in an equation when reduced to fundamental
dimensions must contain identical powers of each dimension. A dimensionally homogeneous
equation can be applied to all systems of units. Dimensional analysis is the mathematical
technique of obtaining the equations that govern certain natural or physical unknown
phenomenon by balancing the fundamental dimensions such as, mass, length, time and
temperature. Every physical phenomenon can be expressed by equations giving a relationship
between dimensional and non — dimensional quantities. By incorporating dimensional
variables to non — dimensional parameters, dimensional analysis helps us to determine a
systematic arrangement of the variables present in the physical relationship. This analysis
uses the dimensions of pertinent variables affecting the phenomenon and it is based on the
principle of dimensional homogeneity. Dimensional analysis has the utmost importance in
analyzing fluid flow problems. This method can be applied to all types of heat and mass flow

problems as well as to many other problems of thermodynamics and fluid mechanics.
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The equation produced by dimensional analysis also contains some non — dimensional
numbers. Using this method, the dimensionless parameters are found without knowing the
governing equations. Instead, the pertinent variables are collected and combined to get the
maximum number of independent non — dimensional parameters. The complete set of
pertinent variables must be known and no irrelevant variables can be introduced, else ways,
the determinative set of dimensionless parameters may be meaningless. These non —
dimensional numbers are very significant in numerous engineering phenomenons, as it
empowers the researchers to analyze the behaviour of problems of the same type provided the
linear dimensions are geometrically similar. There are many non — dimensional parameters

associated with different flow configurations. Some of them are discussed below:
1.16.1 Reynolds Number

Reynolds number (Re) is a non- dimensional quantity that is used to predict similar
flow patterns in different-size fluid flow situations. The concept of this number was initiated
by Irish physicist George Gabriel Stokes (1819-1903) in 1851. However, this number was
popularized by another Irish fluid dynamist Osborne Reynolds (1842-1912) by examining its
behavior. Thus in his honor, the number is named after him. Reynolds number is the ratio of

inertia force to viscous force. Mathematically, it is defined as-

Re= YL _UL
U 1%

where p, 2 and v are the density , dynamic viscosity and kinematic viscosity of the fluid

respectively and U is the characteristic velocity and L is the characteristic length.

From the definition, it is observed that for large Reynolds numbers, inertia forces are
dominant while viscous forces are more significant in the case of small Reynolds numbers.
That is, the higher value of Re, the greater will be the relative contribution of the inertia
effect; and the smaller value of Re, the greater will be the relative magnitude of the viscous
stresses. Reynolds number is also used to predict the changeover from laminar flow to
turbulent flow. In the case of laminar flow, the Reynolds number is less than 2300, whereas,
for turbulent flow, the Reynolds number exceeds 4000. Reynolds number lying between 2300
and 4000 indicates a transition of fluid flow from laminar to turbulent. Reynolds number is
also used as an important criterion of kinematic and dynamic similarities in forced convection

heat transfer.
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1.16.2 Prandtl Number

For a given fluid flow, the Prandtl number (Pr) is the measure of the relative
effectiveness of momentum and thermal energy by diffusion. This number is used to control
the relationship between the velocity and temperature distribution of the fluid. It is named
after german physicist Ludwig Prandtl. Mathematically, it can be written as

HC, v

Pr= =
K (24

where g is the dynamic viscosity, v is the kinematic viscosity, « is the thermal conductivity,

C, is the specific heat at constant pressure, and « is the thermal diffusivity of the medium.

Thermal diffusivity estimates the rate of propagation of heat through the medium.

Hence for gases with Pr ~1, the transfer of momentum and energy by the diffusion
process are comparable. For oils with Pr >>1, the momentum diffusion is much greater than
the energy diffusion; whereas in liquids with Pr<<1 and it indicates that the momentum
diffusion rate is very slow than that of energy diffusion. Thus, the Prandtl number is a
connecting link between the velocity field and temperature field and its value strongly

influences the relative growth of velocity and thermal boundary layers.
1.16.3 Magnetic Prandtl Number

The ratio of momentum diffusivity to magnetic diffusivity in a fluid flow is termed as
the Magnetic Prandtl number (Pm). This dimensionless number has the utmost importance
when we consider the effect of the induced magnetic field in a hydromagnetic flow.

Mathematically, it is defined as

Pm=2

where v is the kinematic viscosity and 7 is the magnetic diffusivity.

1.16.4 Schmidt Number

The ratio of momentum diffusivity to mass diffusivity in a fluid flow is termed as
Schmidt number (Sc). It was named after German engineer Ernst Heinrich Wilhelm Schmidt
(1892-1975). Mathematically it is defined as
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Sc=——
DM

where D,, is the mass diffusivity of the fluid and v is the kinematic viscosity of the fluid.

Thus Schmidt number is used to measure the relative effectiveness of momentum and
mass transport by diffusion in a fluid medium, for a given fluid flow consisting of convective
mass transfer. Apparently, Schmidt number manages the relationship between the velocity
and the molar species concentration profile for the fluid flow. It distinguishes convective
mass transfer in the same manner as the Prandtl number characterizes convective heat

transfer.
1.16.5 Thermal Grashof Number

The ratio of thermal buoyancy force to the viscous force acting on a fluid flow is
termed as Thermal Grashof number (Gr). It was named after German engineer Franz Grashof
(1826 - 1893). Mathematically, the thermal Grashof number is defined as

_BYL(AT)

14

Gr

where B is the volumetric coefficient of thermal expansion, g is the acceleration due to
gravity, L is the characteristic length, v is the kinematic viscosity and AT is some suitable

reference temperature difference .

Thermal Grashof number bears great importance in heat transfer by natural
convection where buoyancy force is the only driving force. In free convection, a transition
from laminar to turbulent flow can be indicated by assigning critical values to the thermal

Grashof number together with the Reynolds number (Re) as follows-

e The combined effects of free and forced convection must be considered if % ~1.
e

e Forced convection is negligible if % >1.
e

e Free convection is negligible if % <1.
e

Here, volumetric coefficient of thermal expansion (5) is a thermodynamic property of

the fluid that provides a measure of the amount by which the density changes in response to a
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change in temperature at constant pressure. Density gradients originating from these

temperature differences are solely responsible for free convective heat transfer.
1.16.6 Solutal Grashof Number

The ratio of solutal buoyancy force to the viscous force acting on a fluid flow is

termed as the Solutal Grashof number (Gm). Mathematically, it is defined as-

_ BoL’(AC)
14

Gm

where S is the volumetric coefficient for solutal expansion , g is the acceleration due to

gravity, L is the characteristic length, v is the kinematic viscosity and AC is some suitable

reference molar species concentration difference .

Solutal Grashof number bears great importance in free convection flows involving
mass transfer where buoyancy force is the only driving force. Here, the volumetric coefficient
of solutal expansion () is a thermodynamic property of the fluid that provides a measure of
the amount by which the density changes due to a variation of species concentration at
constant pressure. Density gradients occurring from these concentration differences initiate

free convective heat transfer.
1.16.7 Magnetic Parameter

The ratio of electromagnetic forces to inertial forces is termed as the magnetic
parameter. This number is also called the Stuart number or magnetic interaction parameter.

Mathematically, it is defined as

oB,’L
pU

M =

where o is the electrical conductivity of the fluid medium, B, is an applied magnetic field

component, p is the fluid density, L is the characteristic length and U is the characteristic
velocity. Depending on the particular flow problem and other dimensionless substitutions, the

choice of M may be made conveniently.
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In some hydromagnetic flow problems, we encounter another non-dimensional
quantity called the Hartmann number (Ha). It is nothing but the square root of the product of

the magnetic parameter with Reynolds number (Re). Mathematically, it is defined as-
Ha=+/M.Re = B,L /i
vp

1.16.8 Soret Number

Soret number (Sr) is a non-dimensional number which is proportional to the quotient

of the temperature gradient to the concentration gradient. Mathematically, it is defined as-

D, (4T)
VvAC

Sr =

where v is kinematic viscosity, D; is molar thermal diffusivity and AT and AC are some

suitable reference temperature gradient and concentration gradient respectively.
1.16.9 Dufour Number

Dufour number (Sr) is a dimensionless humber that is proportional to the quotient of

the concentration gradient to the temperature gradient. Mathematically, it is defined as-

_ DyK;(AC)

Du =
1T C.Cov(AT)

where vis kinematic viscosity, D,, is molar mass diffusivity, C, denotes concentration
susceptibility, C_ denotes specific heat at constant pressure and AT and AC are some

suitable reference temperature gradient and concentration gradient respectively.
1.17 Laplace Transform Technique

Laplace transform technique is a special type of integral transform technique. French
Mathematician Marquis Pierre-Simon Laplace (1749-1827) initiated this technique. However,
this technique was methodically extended by the British mathematician and physicist Oliver
Heaviside (1850-1925), to simplify the solution of various types of differential equations that
govern physical phenomena. This method is frequently used by electric engineers to attain

solutions to various electronic circuit problems. Applications of this technique can be
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observed in fields related to flow and transport phenomena (Fluid Mechanics,
Thermodynamics, etc.), wave propagation and acoustics, Geophysics, Celestial Mechanics
etc. This transform technique is widely used in problems dealing with impulsively started
flow. This method is also applicable for flow problems consisting of small Reynolds number,
(i.e., for slow motion or creeping motion). The solutions obtained by using the Laplace
transform technique are generally exact or of closed form. Therefore it does not require

stability analysis for checking of validation.
1.17.1 Definition of Laplace Transform:

Suppose, F(t)is a function of t for t>0. Then, the Laplace transformation of F(t),

denoted by L{F (t)} or f(s) is defined as
L{F(t)) = f(s)=Ie‘S‘F(t)dt

1.17.2 Some Important Properties of Laplace Transform

i First shifting or translation property

If L{F(t)}=f(s), then L{eF(t)}=f(s-a)
ii. Second shifting or translation property

If L{F(t)}= f (s)and G(t)z{;ft;aa)’t >a1 then L{G(t)}:e‘asf (s)
iii. Change of scale property

1

It L{F (1)} = (), then L{F(at)}:—f(ij

(\2 Laplace transform of derivatives
If L{F(t)}=f(s), then
L{F'(t)} =sf (s)-F(0) and L{F"(t)}=s*f (s)—sF (0)—F'(0)

V. Division by t

If L{F(t)}="f(s), then L{it)}zf f (u)du

t 0
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1.17.3 Definition of inverse Laplace transform:

If the Laplace transform of a function L{F(t)}is f(s), i.e., L{F(t)}=f(s), then
F(t) is called the inverse Laplace transform of f(s) and symbolically, it is written as

F(t)=L"{f(s)}. Here, L™is called the inverse Laplace transform operator.

1.17.4 Some Important Properties of Inverse Laplace Transform

i First shifting or translation property
If L*{f(s)}=F(t), then L*{f(s—a)}=e"F(t)
ii. Second shifting or translation property

If L*{f(s)}=F(t),then L*{e*f(s)} ={

F(t-a)t>a
Ot<a

iii. Change of scale property

If L {f(s)}=F(t), then L*{f (as)}= F(lj

iv. Division by s

If L*{f(s)}=F(t), then L-l{@}zjlr(u)du

V. Inverse Laplace transform of derivatives
dn
If L f(s) =F(t), then L*{ " (s)l =L f(s)p=(-1)"t"F(t
(1O} =F 0. ten L1 (8)} L2 1 (9) =0 e )
Vi. The convolution property

IfL*{f (s)} =F (t)and L* {g(s)} =G(t), then

L f (s)g(s)}:j([F(u)G(t—u)du

1.17.5 Heaviside’s Unit Step Function, Error Function, and Complementary Error

Function

Heaviside’s unit step function is defined by

Lt>t

H(t—tl)z{ot<t :
, 1
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The error function is defined as

2 ¢ e
erf (t)=—=(e"du.
0=7]
The complementary error function is defined as

2

t , 2 0 s
erfc(t)=1-erf (t)=1-—= e " du=—=|e" du .
() () /—n‘! /_n'!

1.17.6 Some Properties of Error Function and Complementary Error Function

2
Jr

ii. erfc'(0)=-

i. erf’(0)=

S

iii. erf(0)=0

iv. erfc(0)=1

v. erf(x)+erf (—x)=0
vi.  erfc(x)+erfc(—x)=2

vii.  erfe(x)—erfc(—x) =—2erf (x)

2
viii.  erfc'(z)=-
N
. 2
iX. erf'(z)=
RN
r [ 1 -7?
x. erfc'(z)+erfc'(-z) = —4\/:e
T
1.17.7 Bar Function
Let (X, %y, Xg,uemnne X, ¥,t) be an arbitrary real-valued function of the variables

f (X Xy, Xgyeveeee X, Y, t) @nd is defined as

(X0 Xy Xgrerveens X Vo) = (X0 Xy Xgevereny X, Yyt =t ) H (E=1,)
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where H (t—t,)is the Heaviside’s unit step function defined earlier.

1.17.8 Properties of Bar Function

i Af=Ff-F
ii. A(x f+pg)=AAf +pAg, where A , p are constants and f , g are arbitrary real-

valued functions.
1.18 Review of Relevant Literature

(a) MHD Convective Flows Past Flat Plates and Boundary Layer Theory:

The introductory work in the field of magnetohydrodynamics (MHD) was made by
Faraday (1832), Maxwell (1864), Hertz (1884, 1888, 1962), Ampere, Coulomb, Gauss and
and Lorentz (1952). But it was Hannes Alfven (1942), whose pioneering contribution to the
field of MHD earned him Nobel Prize for physics in 1970. MHD is in present form due to
remarkable contributions by many researchers like Cowling (1976), Shercliff (1965), Roberts
(1967), Pai (1962), Hughes and Young (1966), Sutton and Sherman (1965),Ferraro and
Plumpton (1966), Lehnert (1952), Creamer and Pai (1973), etc.

The study of convective magnetohydrodynamic flow over or cooled or heated plates
become one of the fundamental problems of research owing to its enormous practical
applications. Several researchers have investigated MHD free convective flows of viscous
incompressible fluids past a flat plate under different physical and geometrical conditions.
Several authors contributed to it out of which Glauert (1956), Greenspan and Carrier (1959),
Meksyn (1962), Davies (1963), Tan and Wang (1968), Pop (1967,1969), Sattar and Alam
(1994), Das (1970), Gulab and Mishra (1977), Afzal (1972), Soundalgekar (1969,1970,1973,
1975, 1979), Revankar (1983), Devi and Nagaraj (1984), Devi et al. (1988), Elbashleshy
(1997), Raptis and Perdikis (2006), Raptis and Singh (1983), Singh and Chand (2000),
Acharya et al. (2000), Alam et al. (2006), Das et al. (2008), Afify (2009), Ahmed and Sarmah
(2009), Ahmed and Dutta (2014), Gundagani et al. (2013), etc. are worth mentioning.

Famous mathematician and aerodynamicist James Lighthill (1950, 1954) initiated the
studies related to the effects of external unsteady fluctuations for two-dimensional time
dependent flows. It should be noted that the flow along a very thin flat plate is the simplest

example of application of the boundary layer equations. After the initiation of Boundary layer
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theory by Prandtl (1904), his doctoral scholar Blasius (1908) extensively investigated about
this theory. After that several researchers made significant contributions to this field. Some of
them are Lighthill (1963), Langlois (1964), Schlichting (1968), Sherman (1990), Young
(1989), Veldman (1976), Wiedemann and Gersten (1984), Schlichting and Gersten (2004),
Ingham(1978) etc.

(b) MHD Heat and Mass Transfer Flow with or without Radiation, Chemical

Reaction, Heat Absorption/ Generation and Induced Magnetic Field

The study of incompressible and convective flows involving heat and mass transfer
have become subject of great enthusiasm to many researchers due to their applications in
many branches of physical science, chemical science, engineering and technology,
Geophysics, Astrophysics etc. Fourier (1822) formulated the law of heat conduction while the
law of mass diffusion was given by Fick (1855). Significant works in the field of heat and
mass transfer were done by Nusselt (1915,1931), Glasstone et al. (1941), Brinkman
(1947a,1947b), Jakob (1949), de Groot (1951), McAdams (1954), Hirschfedler et al. (1954),
Crank (1957), Knudsen and Katz (1958), Bird (1960), Rohsenow and Choi (1961), Romig
(1961), Grober et al. (1961), Spalding (1963), Boelter et al. (1965), Luikov and Mikhailov
(1965), Bird et al. (1966), Reid and Sherwood (1966), Treybal (1968), Welty et al. (1969),
Patankar and Spalding (1970), Gebhart (1971), Turner (1973), Weltey (1974), Skelland
(1974), Kays (1975), Sherwood et al. (1975), Ozisik (1977), Jaluria (1980), Thomas (1980),
Vedhanayagam et al. (1980), Incropera and Dewitt (1981), Kaviany (1995), Kafoussias and
Williams (1995), Camargo et al.(1996), Harries and Ingham (1997), Streeter et al. (1998),
Baehr and Stephan (1998), Mills (1999),Wilkinson (2000), Schlichting and Gersten (2004),
Choudhary and Jain (2007), Parida et al. (2011), Gurram et al. (2018), Poddar et al. (2021)
etc.

Chemical reaction effect draws attention of numerous researchers to work in this field
due to its enormous practical significance in many industrial, technological and natural
processes. Some researchers who have considered the case chemical reaction in MHD flow
problems are Devi and Kandaswamy (2000), Alam et al. (2006), Ibrahim et al. (2008), Swain
et al. (2017), Aboeldahab and Azzam (2006), Seddeek et al. (2007), Rajaiah et al. (2015),
Sehra et al. (2021), Nayak et al. (2014) etc.

Radiative convective flows can be observed in many environmental and industrial
phenomenons. This type of flow takes pivotal role in space technology and high temperature

processes. It is also used in polymer processing industry. Influencing by the importance of
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applications, many researchers have carried out model research on free convection in many
hydrodynamic and magnetohydrodynamic flow problems with thermal radiation effect under
different physical and geometrical circumstances. Some of them are Muthucumaraswamy and
Kumar (2004), Seth et al. (2011), Seth and Sarkar (2015), Raptis (2017), Das (2011),
Manivannan et al. (2009), Eswaramoorthi et al. (2015), Ali et al. (2021), Choudhary et al.
(2015), Kumar and Kumar (2017), Abdullah et al. (2019) etc.

Effects of heat absorption/ generation carry great importance in many chemical
processes as well as in renewable energy systems. Chamka (2004), Seth et al. (2015),
Olajuwon and Oahimire (2014), Turkyilmazoglu (2019), Reddy and Makinde (2022), Reddy
et al. (2023) etc. are some authors who extensively studied heat absorption/ generation effect
in different MHD flow models.

In order to simplify the mathematical analysis of a flow problem, many researchers
neglect the effect of induced magnetic field. However, in various physical situations where
the intensity of the imposed magnetic field is very high, it is necessary to consider this effect
to validate the mathematical model. Some authors who studied this effect on different MHD
flow models are Denno and Fouad (1972), Singh and Singh (2000), Ghosh et al. (2010), Jha
and Aina (2018), Goud et al. (2021), Suneetha et al. (2021), Ahmed (2023) etc.

(c) Flows Through Porous Media:

The study of flow through porous media is a subject of great importance. Movement
of water and oil inside the earth, filtering of water using sand or other porous material,
movement of blood through cells etc. are some examples of this type of flow. Its applications
can be observed is many processes related to chemistry and chemical engineering such as
chromatography, adsorption, filtration, absorption, flow in packed columns, reactor
engineering, ion exchange, and so on. The investigations of flow problems through porous
media are based on Darcy’s experimental law (1856). Later, this law was modified by
Brinkman (1947a, 1947b) and Wooding (1957) and it is used by several investigators to study
convective flows through porous media. Significant research regarding flows through porous
media were also done by Terill and Shrestha (1965a,1965b), Pop and Ingham
(1969a,1969b,1969¢,1969d), Ahmadi and Manvi (1971), Bear (1972), Yamanoto and
Iwamura (1976), Bejan (1978), Raptis et al. (1981a,1981b), Megahed (1984), Qin and Kaloni
(1992), Singh et al. (1993), Tobbal and Bennacer(1998), Jain and Gupta (2005), Xu et
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al.(2005), Zueco (2008), Xie et al.(2012), Nield and Bejan (2017), Wu and Xu (2022), Sahoo
et al. (2022), Joshna et al. (2022) etc.
(d) Flows with Thermal Diffusion and Diffusion Thermo Effects:

In combined heat and mass transfer processes, density difference in the fluid mixture
works as the driving force. However, this variation can occur due to both temperature
gradient as well as concentration gradient. The mass flux initiated by a temperature gradient
is called as Soret effect or thermal diffusion effect. Though this effect was theoretically
investigated by C. Ludwing in 1859, the first experimental work on this effect was performed
by Charles Soret in 1879. On the other hand, the energy flux caused by concentration
differences is termed as Dufour effect or diffusion-thermo effect. L. Dufour was the first to
observe this effect in 1873. These two effects have great application in many chemical and
industrial processes. Eckert and Drake (1972) made significant investigation on these effects.
Realizing the importance of these effects on fluid flows, comprehensive analysis was done by
Alam and Rahman (2005), Sharma (2005), Ferdows et al. (2008), Ferdows and Chen (2009),
Cheng C. Y. (2009,2011,2012a,2012b,2012c), Murthy and Narayana (2010), Olanrewaju and
Makinde (2011), Makinde (2011), El-Kabeir (2011), El-Kabeir et al. (2011), Zaib and Shafie
(2014), Vedavathi et al.(2015), Mahdy and Ahmed (2015), Sharma, P.K. (2015), Yabo et al.
(2016), Khan et al. (2016), Zhao et al. (2016), Niranjan et al. (2017), Sarma and Ahmed
(2022a, 2022b) etc.

1.19 Some Common Functions Often Used in the Thesis

i !//(5,77, y,t):%leﬁyerfct%\/%+\/n_tj+eJﬁverfc[%\/%—\/n_t]:l

i. W&y t)=ely (En+d,yt)

n’y?

ii.  P(nyt)=—2 ¢ #

2 rt?

iv.  K(npyt)= 2\/§e_’722 —nyerfc (;_jt_}
V. Q&) :{\/%e”‘ +4/En erf (\/n_t)}
Vi, A(Ent)= —r{\/%eft +JEerf (\/g_t)}
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Vii.

viii.

Xi.

Xil.
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XV.
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CHAPTER I

Thermal Diffusion and Thermal Radiation Effects on Free
Convective MHD Radiating Flow Past an Impulsively Started

Infinite Vertical Plate

(In Press for publication in Proceeding in Springer)
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2.1 Introduction

MHD is a branch of physics, which is concerned with the motion of electrically
conducting fluids in presence of magnetic field. The study of the interaction of magnetic field
and the fluid velocity of conducting fluid falls under the purview of MHD. MHD principles
find it’s applications in Astrophysics, missile technology, space science cosmology, medical
science etc. The scopes of applications of convection problems pertaining to electrically
conducting fluid in presence of magnetic field have received much attention in recent years.
Alfven (1942), Cowling (1957), Shercliff (1965), Ferraro and Plumpton (1966) and Crammer

and Pai (1973) are the authors whose contributions lead MHD to take its present form.

The change in fluid temperature as well as species concentration results in a density
variation in fluid mixture, which in turn produces buoyancy force that acts on the fluid. The
flow caused merely due to buoyancy force is termed as natural or free convective flow. The
process of heat transfer or mass transfer in this type of flow is called natural convection or

free convection.

Radiation is also a mode of heat transfer through electromagnetic waves. Convective
flows with thermal radiation occur in several industrial and environment processes. Due to
importance of applications of thermal radiation in different heat and mass transfer problems,
a large number of authors have carried out model studies on free convection in different
hydrodynamic and hydro magnetic flows taking into account the thermal radiation effect,
under various physical and geometrical conditions. Mbeledogu et al. (2007) studied unsteady
free convection flow of a compressible fluid past a moving vertical plate considering the
effect of radiation. Makinde (2005) and Samad and Rahman (2006) analysed free convection
flow past a moving vertical porous plate taking thermal radiation and mass transfer into
consideration. Orhan and Ahmet (2008) investigated radiation effect on MHD mixed
convection flow about a permeable vertical plate. Prasad et al. (2006) discussed transient
radiative hydro-magnetic free convection flow past an impulsively started vertical plate while
Ahmed and Dutta (2014) extended this work considering ramped wall temperature effect.
Seth et al. (2017) considered MHD double diffusive natural convection flow over

exponentially accelerated inclined plate.

The relations connecting the fluxes and driving potentials are of a more intricate in

nature, when both thermal and solutal convections appear simultaneously in fluid motion. It
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is observed that, a mass flux can be caused not only by the composition gradient but by
temperature gradient as well. The effect of mass flux under temperature gradient, or the flow
characteristics is termed as thermal-diffusion effect or Soret effect. The experimental
investigation of this effect was first carried out in laboratory by the renowned chemist
Charles Soret in 1879. The Soret effect is relevant to isotope separation in mixtures of gases
with a very light molecular weight like H, and He. Comprehensive literature on various
aspects of Soret effect on different types of mass transfer problems can be found in the book
of Eckert and Drake (1972). Kafoussias and Williams (1995) considered both Soret and
Dufour effects on mixed convective boundary layer flow with temperature dependent
viscosity while Postelnicu (2004) expanded this work in porous medium. Ahmed (2010) and
Ahmed and Sengupta (2011) examined Soret and Dufour effects in a three dimensional MHD
convective flow past an infinite vertical porous plate. Ahmed (2012) examined thermal
diffusion and radiation effects on transient MHD free convection from an impulsively started

infinite vertical plate.

In many works on MHD, a little attention is given to the effects caused by the induced
magnetic field. In most of the cases, the induced magnetic field is neglected on assumption
that, for most of the natural gases, the electrical conductivity is quite low and as a
consequence the magnetic Reynolds number becomes very small. But when a high speed
missile travels through the earth’s atmosphere, a huge amount of heat is generated due to the
friction of the gas molecules and this frictional heat may at times be so great as to ionize the
gas in the surrounding air, near the stagnation point. The ionized gas in this stagnation region
is electrically conducting. That is a magnetic field may be applied to it in order to induce an
electromagnetic force in the air, which in turn affects the motion. Thus certain gases having
low electrical conductivity may be good conductors under same physical conductors. It is
recalled that the magnetic Reynolds number is the ratio of the induced magnetic field to the
applied magnetic field. Thus, even though the magnetic Reynolds number is quite small, but
the intensity of the imposed magnetic field is very high, the compute omission of the induced
magnetic field is not fully justified. Realizing the importance of the induced hydro-magnetic
effects on flows of electrically conducting fluids, several researchers have studied MHD flow
problems under diverse physical and geometrical conditions. Singh and Singh (2000)
analysed MHD effects on heat and mass transfer in flow of viscous fluid with induced

magnetic field. Chaudhury and Sharma (2006) explored heat and mass transfer effects by
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laminar mixed convection flow from a vertical surface with induced magnetic field while

Hossain and Khatun (2012) extended this work taking Dufor effect into account.

Investigation on the effect of chemical reaction on heat and mass transfer in a flow is of
great practical significance to the researchers owing to its nearly universal occurrence and
wide scope of applications in many branches of engineering science. Many researchers have
investigated the effect of chemical reaction on various mass transport flow problems.
Apelblat (1982) studied combined effects of mass transfer, chemical reaction of first order
and axial diffusion. Andersson et al. (1994) considered diffusion of a chemically reactive
species from a stretching sheet. Muthucumaraswamy and Ganesar (2001) investigated the
effect of chemical reaction and injection in an unsteady upward motion of an isothermal
plate. Kandasamy et al. (2005) studied exclusively the effects of chemical reaction and heat
and mass transfer along a wedge with heat source and concentration in the presence of

suction or injection.

As the present authors are aware, no attempt has been made till date to study the
problem of a free convective MHD radiating flow past an impulsively started infinite vertical
plate taking into account the effects of thermal diffusion and induced magnetic field. Such an

attempt has been in the present work.
2.2 Mathematical Analysis

The governing equations of the motion of an electrically conducting chemically
reacting and radiating fluid in presence of a magnetic field having constant mass diffusivity

and thermal diffusivity taking into account of diffusion- thermo effect are

Continuity equation (based on law of conservation of mass and Newton’s 2" law of motion)

V-q=0 (2.1)
Magnetic field continuity equation
V-B=0 (2.2)
Ampere’s law
VxB=pJd (2.3)
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Momentum equation (based on law of conservation of linear momentum)

p{gt_%(w)a}:ﬁpwagxmﬂvza

Energy equation (based on law of conservation of energy)
pC, [%wiﬁ)ﬂ = VT -V-q +a(T,-T)

Species continuity equation (based on law of conservation of species)

%+(a.§)c =D, V’C+D,VT +K(C, -C)

Magnetic diffusion equation with small magnetic Reynolds number

aB 29
= =pv’B
ot n

Equation of state
p.=p|1+B(T-T,)+B(C-C,)]

All the physical quantities are defined in the list of symbols.

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

Suppose we consider an unsteady free convective MHD mass transfer flow of a

viscous incompressible electrically conducting optically thick non-Gray fluid past a suddenly

started semi- infinite vertical plate in presence of a transverse magnetic field taking into

account the diffusion- thermo effect.

In order to idealize the mathematical model, the present investigation is restricted to

the following constraints-

l. All the fluid properties are constants except the variation in density in the

buoyancy force term.
Il. The viscous dissipations of energy are negligible.
[1l.  The magnetic Reynolds number is small.

IV.  The plate is electrically non- conducting.
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V. The radiation heat flux in the direction of the plate velocity is negligible in
comparison to that in the normal direction.

VI.  The flow is parallel to the plate.

VII.  No external electric field is applied for which the polarization voltage is
negligible.
VIII.  The chemical reaction is of first order and homogeneous.

IX.  The temperature and concentration fields are independent of the distance parallel
to the surface.

Initially, the plate and the surrounding fluid were at the same temperature T_with
concentration level C_ at all points of the fluid. At time t >0, the plate is suddenly moved
in its own plane with speedU, . The plate temperature and concentration are instantly raised

to T,(T,>T,) and C_(C, >C, )which are thereafter maintained constant.

A

=

e

Figure 2.1: Flow Diagram

We introduce a rectangular Cartesian co- ordinate system (X,y,Z) with X- axis

vertically upwards, Y- axis normal to the plate directed into the fluid region, Z- axis along the

width of the plate. Let q=(u’,0,0)be the fluid velocity, E:(BX',BO,O) be the magnetic

induction vector and g, =(0,q,,0) be the radiation heat flux at the point (X,y,Z,T)in the

fluid.
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Equation (2.1) gives

8[1 0
OX (2.9)
ie,u'=u'(y,t)
Equation (2.2) gives
8BX'_0
X (2.10)
ie,B =B/ (7,T)
Equation (2.4) reduces to
ou (,0) 0| ~0p -0p A 0B, - 2 e
—+| U= |=—1——-]—=—-p0gl +Bno—=-1+u(VU) 211
p{at‘(axj} i IR = (V') (2.12)
Equation (2.11) gives
au’ op B’ BA
= pg+Brno—=+ 2.12
Pr= "o PY W19 T i (212)
and
0=-2 (2.13)
oy

Equation (2.13) shows that pressure near the plate and pressure far away from the

plate is same along the normal to the plate.

For fluid region far away from the plate, equation (2.12) takes the form

0--L_5 g (2.14)
OoX

Eliminating aE from (2.12) and (2.14), we get
X

ox
ou’ oB' oW’

P =(p,—p)9+Byo ay M

(2.15)
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Equation of state (2.8) gives
p.—p=p|B(T-T,)+B(C-C,)] (2.16)

Putting value of (2.16) in (2.15)

ou’ — oB, o
PEZp[ﬂ(T ~T,)+B(C-C,)]|g+Byo S
' _ ! 2001
e, —gp(T-T.)+gB(C-C,)+ 217 B OU
ot p oy
The radiation heat flux as per Rosseland approximation is given by
LA v (2.17)
3K
Using (2.17), Energy equation (2.5) reduces to
2 *13 A2
p, L 0T Lo L 0T, hir —1) (2.18)
ot oy 3k oy
Species continuity equation (2.6) reduces to
2 2 _
%:DM?N—E+DT2+K(COO—C) (2.19)
Magnetic diffusion equation (2.7) becomes
/ 2p/
a—ElX =7 9 E;X (2.20)
ot oy

The appropriate initial and boundary conditions are

vy>0:u'=0,T=T,C=C,,B =0;T <0
y=0:u'=U,T=T,C=C,,B =H,;T>0 (2.21)
¥ >o0:u'=0T=T,C=C_,B =0T >0

For the sake of normalization of the mathematical model of the problem, we introduce

the following non- dimensional quantities-
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D, (T, -T ‘ LY Ty T
oo Pr(hu=T.) oo ,y_&,t_uot,Gr_Vgﬁ(V; 2)
V(CW_COO) 4O-Too UO v |4 UO
C, -C - - C i
om- "9 3 w),P SV g=Tle 5 C7C oM p,M=GB°;/vSC= s
UO 77 TW Toc CW COO K 0 M
K=K12/’ X_Bx ,Hzi,l\zl‘i‘i,Q:a‘;
Uo HO BO 3N UOK

The non-dimensional non- dimensional governing equations are

0B, °B,

pm s 2.22
x5 (2.22)
2
prd? 229 qo (2.23)
ot oy
2 2
Sc%:G—fWLSrch—SCK(/ﬁ (2.24)
ot oy oy
2
P = PmGro + PmGmg + M1 4 pm Y (2.25)
ot oy oy

The initial and boundary conditions becomes

Vy>0:u=0,6=0,¢=0,B, =0;t<0
y=0:u=1,6=1¢=1B,=Lt>0 (2.26)
y—>o:u=00=0,¢=0,B,=0;t>0

2.3 Method of Solution

Taking Laplace transform of the equations from (2.22) to (2.25) and applying the
conditions (2.26), we get the following governing equations-

d’B,
dy?

—PmsB, =0 (2.27)

0 (Prs+Q)5=0 (2.28)

2

2
A d
dy
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0y —-Sc(K +s)¢=-SrSc—; (2.29)
d’u — - dB, _
Pm—+PmGro+PmGmg + MI1 ay =Pm.sU (2.30)
subject to the initial and boundary conditions
yZOZU:l,gzl,;:l,B_le
S S S S (2.31)
y—>0:0=0,60=0,$=0,B =0

Solving the equations from (2.27) to (2.30) subject to the conditions (2.31) and taking

inverse Laplace transform of the solutions, the expressions for the induced magnetic field B, ,

temperature field &, concentration field ¢, and velocity field u are as follows-

B, = erfc( yﬁ} (2.32)

0=y, (2.33)

¢:l//2 +§1_§2 (2-34)

U, +U, +U,+U,;Pm=1Sc=1Pr=A

Uy, +U,, +U,;+U,,;Pm=1Sc=1Pr=A

Ugy +Ug, +Ug s +Ug s PM=1,Sc=1,Pr= A

Uy +U, +U,5+U, ,;PM=LSC=1LPr=A

1= Us; +Us, +Ug, +Us s PM=1Sc=1PrA (2:39)
Ugy +Ug, +Ug s +Ug,; Pm=13Sc=1Pr=A

Uy +U;, +U; 5 +U;,;Pm=#1Sc=1Pr=A

Ug; +Ug, +Ug s +Ug . PM=1Sc=1Pr=A

2.4 Nusselt Number

The heat flux g~ at the plate ¥ = 0is obtained by Fourier’s law of conduction is given by

..o
q =-x (2.36)
" oy Lo
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*T3
where x, = x + 1630 ;r“’ is the modified thermal conductivity.
K

Equation (2.36) yields

Nu:—%} 2.37)
o .
where Nu=— qv = qv is called the Nusselt number which is

KU, (TW —Tw) K‘A(TW —TOO)U0

concerned with the rate of heat transfer at the plate.

Equation (2.37) gives,

Nu =-Q, (2.38)
2.5 Sherwood Number
The mass flux M, at the plate ¥ =0 is specified by Fick’s law of diffusion is given by
M, =-D, @} (2.39)
W |
Equation (2.39) gives
Sh= —%} (2.40)
o |,
In (2.40), Sh :VM—W is called the Sherwood number which is associated with the
DM (CW _Coo)
rate of mass transfer at the plate.
Equation (2.40) yields
Sh=—(Q,+A,-A,) (2.41)

2.6 Skin Friction

The viscous drag at the plate ¥ =0 is determined by Newton’s law of viscosity is given by
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T=- ya—“} (2.42)

Equation (2.42) gives

T= —a—u} (2.43)

In (2.43), 7= VTZ is called the skin friction or coefficient of friction which is associated

0

with the rate of momentum transfer at the plate.
Equation (2.43) yields,

T, +T,+ T, +7,,PM=1LSc=1LPr=A

Ty +T,,+7,,+7,,;PmM=1Sc=1LPr=A

Ty +7,,+ 755, +7,,,PMm#1Sc=1Pr=A

o Tyt T, +T,,+7,,,PM=zLSC#1LPr=A (2.44)
Tgy+T5, 755+ 75, PM=15C=1Pr=A

Toy +Tg, + T3+ 7, PM=LSCc=LPr=A

T, +T,,+7,,+7,,,Pm#1LSc=1Pr=A

Ty +Tg, + T3+ T s Pm=1Sc=1Pr=A

2.7 Results and Discussion

In order to study the effects of the physical parameters involved in the problem on the
flow and transport characteristics numerical calculations for induced magnetic field,
temperature field, concentration field, velocity field, skin friction, Nusselt number, Sherwood
number at the plate are carried out by assigning some specific values to the parameters and

variables.
The numerically computed results are displayed graphically from Figures 2.2 to 2.19

Figure 2.2 and Figure 2.3 represent the variations of induced magnetic field versus
normal co- ordinate y under magnetic Prandtl number Pm and time t. Figure 2.2 shows that
there is a steady fall in induced magnetic field for increasing magnetic Prandtl number. This
is due to the fact that increasing magnetic Prandtl number decreases magnetic diffusivity and

consequently induced magnetic field loses its strength significantly. As time progresses,
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induced magnetic field increases as it is reflected in Figure 2.3. Both figures uniquely
establish the fact that the induced magnetic field falls asymptotically from its maximum value

at y =0to its minimum value as y — .

Figures 2.4 to 2.6 represent the variations of temperature field versus normal co-

ordinate y under Prandtl number Pr, time t, and heat absorption parameter Q. Figure 2.4

shows that there is a steady fall in temperature field for increasing Prandtl number. Increasing
Prandtl number reduces thermal boundary layer and as a result heat diffuses quickly. Thus,
temperature field reduces to a considerable extent. As time progresses, temperature field
increases as it is reflected in Figure 2.5. It is informed from Figure 2.6 that the fluid
temperature gets decreased significantly as the heat absorption parameter increases. When
absorbed, heat weakens the inner- particle bond of the fluid and as a result temperature
reduces as expected. From these figures, we can conclude that the temperature field falls

asymptotically from its maximum value at y = 0to its minimum value as y — oo.

Figures 2.7 to 2.10 represent the variations of concentration field versus normal co-
ordinate y under Prandtl number Pr, time t, chemical reaction parameter K and Schmidt
number Sc . Figure 2.7 shows that there is a steady rise in concentration field for increasing
Prandtl number. It gives us an idea that higher thermal diffusivity lowers concentration field.
Concentration field keeps increasing trend with time which is reflected in Figure 2.8. Figure
2.9 exhibits that there is a considerable decrement in temperature field for increasing
chemical reaction parameter K. Higher chemical reaction parameter suggests that chemical
substances of the fluid consumed rapidly and consequently concentration reduces. Figure
2.10 admits that concentration field gets lowered as the values of Schmidt number increases.
It establishes the fact that increasing mass diffusivity results in a rise the concentration field.
From these figures, we can conclude that the concentration field falls asymptotically from its

maximum value at y = 0to its minimum value as y — .

Figures 2.11 to 2.15 focus the variations of velocity field versus normal co- ordinate y
under Soret number Sr, solutal Grashof number Gm, thermal Grashof number Gr, time t
and heat absorption parameter Q. Figure 2.11 show that fluid velocity decreases with
increasing values of Soret number. This gives us an idea that higher molar thermal diffusivity
reduces the fluid velocity .Figure 2.12 admits that velocity hikes with increasing values of
solutal Grashof number. Figure 2.13 shows that upsurge of thermal Grashof number increases

the fluid velocity. Figure 2.12 and Figure 2.13 uniquely establish the fact that both solutal and
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thermal buoyancy force hike fluid velocity. As time progresses, velocity hikes as it is
reflected in Figure 2.14. Figure 2.15 indicates that increasing values of heat absorption
parameter declines the fluid velocity. When heat is absorbed, inter particle bonds of the fluid
weaken, and kinetic energy is lost. As a result motion of the fluid is retarded.

Figure 2.16 and Figure 2.17 represent the variations of Nusselt number versus time t

under Prandtl number Pr and heat absorption parameter Q. Figure 2.16 shows that there is a

steady rise in Nusselt number for increasing Prandtl number. This is because enhancement of
molar thermal diffusivity lowers the rate of heat transfer from the plate to the fluid. Figure
2.17 depicts that Nusselt number keep on increasing for increasing values of heat absorption
parameter. This is obvious that faster chemical consumption produces heat and it is

transferred from plate to the fluid rapidly.

Figure 2.18 and Figure 2.19 represent the variations of Sherwood number versus time
t under Prandtl number Pr and Soret number Sr. Figure 2.18 exhibit that there is a steady rise
in Sherwood number for increasing Prandtl number. This gives us an idea that higher molar
thermal diffusivity lowers the rate of mass transfer from the plate to the fluid. Figure 2.19
depicts that there is a comprehensive rise in Sherwood number for increasing values of Soret
number. So, high temperature gradient compared to concentration gradient speed up rate of

mass transfer.

Figure 2.20 and Figure 2.21 depict the variations of skin friction versus time t under
thermal Grashof number Gr and Soret number Sr. Figure 2.20 shows that there is a
comprehensive rise in Sherwood number for ascending Prandtl number. This is due to the
fact that thermal buoyancy force has a tendency to increase rate of momentum transfer from
the plate to the fluid. Figure 2.21 reveals that increasing Soret number hikes coefficient of

friction. Thus, high temperature gradient rapidly hikes the rate of momentum transfer.
2.8 Comparison of Result

To check the accuracy of our result, we have compared one of our results with Ahmed
and Sarmah (2009) who considered the thermal radiation effect on a transient MHD flow
with mass transfer past an impulsively fixed infinite vertical plate. In absence of Soret effect
and chemical reaction effect (i.e., Sr=0 and K=0), expression of concentration field of the

present problem is
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¢ = erfc(n\/g )

where 7 = A

24t
Figure 2.22 and Figure 2.23 display the concentration field versus » graphs for
different Schmidt number obtained by Ahmed and Sarmah (2009) and present authors
respectively. Both figures uniquely expresses the fact that concentration field declines for
ascending values of Schmidt number. Hence, an excellent agreement of results between

present authors and Ahmed and Sarmah (2009) is observed.
2.9 Conclusions

The key motive of the present investigation is to study exclusively the effects of
radiation, heat absorption, chemical reaction, induced magnetic field and thermal diffusion
effect of an unsteady MHD flow past a. Study of flow and transport properties under the
action of different parameters was carried out with help of graphs. The major outcomes of

the present work are as follows:

I Induced magnetic field falls for higher magnetic Prandtl number.

ii. Increasing Prandtl number lowers temperature field.

iii. Concentration field decreases as Schmidt number increases.

iv. Higher solutal Grashof number hikes velocity field in a thin fluid layer adjacent to
the plate and thereafter its behaviour takes a reverse turn.

V. Nusselt number and Sherwood number decreases for small time and thereafter
become stationary.

Vi. Increasing Soret number upsurges skin friction.

The solution of the present work also validates with the previous result obtained by

Ahmed and Sarmah (2009) in particular case.
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Figure 2.2: Induced magnetic field versus y for different Pm and t=1
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Figure 2.3: Induced magnetic field versus y for different t and Pm=0.71
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Figure 2.4: Temperature field versus y for different Pr and t=1, 0=0.5, A=1
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Figure 2.5: Temperature field versus y for different t and Pr=0.71, 0 =1,A =1
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Figure 2.7: Concentration field versus y for different Pr and
t=1, Q=0.5, A=1, Sc=0.22, K=1
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Figure 2.8: Concentration field versus y for different
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Figure 2.10: Concentration field versus y for
different Sc and t=1, Pr=0.71, Q=0.5, A=1, K=1
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Figure 2.11: Velocity field versus y for different Sr and t=0.2, Pr=0.71,
Pm=5, Gr=10, Gm=35, Sc=0.6, Q=1, M=0.5, I1=0.5, A=0.5, K=10
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Figure 2.12: Velocity field versus y for different Gm and t=0.2, Pr=0.71,
Pm=35, Gr=35, Sc¢=0.6,Sr=0.5, Q=1, M=0.5, I1=0.5, A=0.5, K=10
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Figure 2.13: Velocity field versus y for different Gr and t=0.2,
Pr=0.71,Pm=5, Gm=35, Sc=0.6, Sr=1, =1, M=0.5, [1=0.5, A=0.5, K=10
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Figure 2.14: Velocity field versus y for different t and Pr=0.71, Pm=5,
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Figure 2.15: Velocity field versus y for different Q and t=0.2, Pr=0.71,
Pm=5, Gr=10, Gm=15, Sc=0.6, Sr=5, M=0.5, [1=0.5, A=0.5, K=10
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Figure 2.16: Nusselt number versus t for different Pr and Q=1, A=1
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Figure 2.17: Nusselt number versus t for different Q and Pr=0.71, A=1

Figure 2.18: Sherwood number versus t for different Pr and
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Figure 2.19: Sherwood number versus t for different Sr
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Figure 2.21: Skin friction versus t for different Sr and Pr=0.71,
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Figure 2.22: Scanned graph of concentration field vesusus # for
different Schmidt number o drawn by Ahmed and Sarmah (2009)
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Nomenclature:

B : Magnetic flux density

B, : Strength of the applied magnetic field

B.: Induced magnetic field

C : Molar species concentration

C. : Specific heat at constant pressure

C_ : Concentration far away from the plate
C,, : Concentration at the plate

D,, : Mass diffusivity

D, : Molar thermal diffusivity

g : Gravitation acceleration vector

g : Gravitational acceleration

Gr : Thermal Grashof number
Gm : Solutal Grashof number

H, : Induced magnetic field

J : Current density vector
K : Mean absorption constant

K : Chemical reaction rate
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K : Chemical reaction parameter
M : Magnetic parameter
N : Radiation parameter

Q : Heat absorption parameter
p : pressure

Pm : Magnetic Prandtl number

Pr : Prandtl number

q : Fluid velocity vector

g, : Radiation heat flux vector
g, : Radiation heat flux

Sc : Schmidt number

t :time

T : Fluid temperature

T, : Undisturbed temperature
u' : X-component of fluid velocity
U, : Plate velocity

Greek Symbols:

n : Magnetic diffusivity

4, Magnetic permeability

u  Coefficient of viscosity

o : Electrical conductivity
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o : Stefan-Boltzmann constant

p  Fluid density
o, - Fluid density far away from the plate

x : Thermal conductivity
a : Heat absorption rate

B Volumetric coefficient of thermal expansion

B : Volumetric coefficient of solutal expansion

v : Kinematic viscosity
Subscripts:
w : Refers to physical quantity at the plate

oo : Refers to physical quantity far away from the plate

74



Appendix

:V/(al’aG’y’t)’ (SC K.y, t) (Ail//z"'Az‘//s) ‘//SZ\P(SC!K1_a4ay’t)a
Pr Q a —ScK
_aS(A&w1+A2W4)ll//4:\P(a1aa3a_a4ay1t);a1:X1a2:X,%:é,a‘l agzii_SC
SrSc
as_a1 ;éAi Zj A = a4a3’ul,l:u1,1,1+u1,1,2+u1,1,3+u1,1,4’u2,1:u2,1,1+u2,1,2+uz,1,3,
Ugy =Ugq+Ugyp Uy 3+t Ugy 4 Uy =Upqq FU 5 U, g+ U 40 Usy =Ug g +Usy o, +Usy g,
Ugy =Ugyq T Ugy, +Ug,5,Upy =Ugpy U7, HU; 5+ Uz 4 Ugy =Ugyy +Ug, 5 +Ug 5,85 = ;1331
KSc y j a, ag—a,
a,=——F =erfc| —=|,u,, =E A = A, = A =—0 =
"osc-1 (2\/'[_ o v 8,8, A a4(a4_a6) A a6(a4_a6)
1 Gr
u1,1,2:Ml,zZﬁ(fs_é)’éga:Gmas(AsEl"'Az;‘//s"'Asl//e)’éazg(El_‘//s)’

Gm
l//s:\P(LO’_azuy’t)"//a:T(lio’_aevy’t)’ul,l,s:M1,3:?(5 ‘56) (E1 W7)
a, a, —a, a; — &
v, =¥(4,0,—-a,y,t),¢ =a (B,E +Bw. +B.w,),B,=——,B, = B = ,
7 ( 7 ) 6 5( 35 T By¥s 5 7) 3 aa 4 a4(a4_a7) 5 a7(a4_a7)
MTIT 1
U, = M1,4 = P(l, y1t)mvul,z =M, _E(Gmé Grgs) (A3'//1+A4'//4 + As‘/’s)
(8,880, Vi), & = (1~ )y =My =~ (54 £9), & = (1, ~ws),
8 a, 7 3 So_1 '\ o) a, 2 9

MTI
Yy :\P(SCvK’_awy’t)’églo :as(B3‘//2+B4‘//3+le//9)’U1,4 =M, :mKvilz K(\/Pm:)’:t):

MEU

114311 = El’u3,1,2 =UyisUss5 6311’

Gm a, —
6511:?[El(l_"asel)"'astWS]'Gl:§1Gz:4—a3’u3,2 U, u 512’
a, a,

Uy, = E 1Upao = UpgpiUpg3 =Upgg Uy = Uy, Uy 3 =Up g Uy, =—

Gm
S = _?(Wlo +a,Gyy, +a562'//11)v‘//10 :‘//(11 K, y,t):y/(Sc, K, y’t) =V,

‘//11:\P(1K _a4’yt): (SC K, —a4,yt)=1//3, 411 = Upro = §13’
1
i3 Z__[ Gma,G, Gr)E1+Gmastl//5] Uppz =UpggiUgg s =UpggUs, = (Gmégm Gr‘/’m)!
43, G

514 = a5(61W13 +Gz‘//14) Uyz =Upg,Uy 4 =UpgsUs,, = E Ugyp =Upgp1Usg3 =Usp5,Us, = Uy,
Usg = Uz gy Us 4 = Up s Ugyy = By Ugyp = Uy piUga = UpygUgp =UypUgg = Uy, Ug s = Upy,

U, = E1 Uspp =Uygp U3 =Uggg0Upgy = Uy, Ugp = Uy o, Uy =Ugs, Uy, = Uy,

Uggy = EjyUgyp =Uy00Ugy g =UsygiUg, =UypiUgg =Ugg,Ugy =Upy
Nu:—Ql,QZ:Q(Sc,K,t),Alzas(A1£22+A2Q3), (SC K, a4,t) (AIQ +AQ, )

75



1 1
Q,=Z (ai’as’_aél’t)’z-l,l =Tt T st s Tag = a(Z\/t_J =0T, = 1_ (As _A4)’
Gr
A, =Gma, (A, + AQ, + AQ, ), O, =Z (1,0,-,,1),Q, =Z (1,0,-a,,t), A, :¥(al—Qe),

Gm 1
Ti1s =F_1(A5+A6),A5 =a—(a1—Q7),Q7 =27(1,0,—a,,t),As =a, (B, + B,Q + B, ),
7
MII 1
71‘1’4 :m Pyo (l, yyt):FI (y,t):r'l,‘[l’z :a(GmA7 _GrAs),

1 Gm
A7 :as(%Q1+A494 +ASQS)1QB :Z(ai’aS’_aG't)’AB =g(_Ql_QB)’Tl,3 :_m(/\g +A10)1
1
A, :a—(—Qz —Qg),Qg :Z(SC, K,—a7,t),A10 :aS(BSQZ+ B, + 8597),
7

— 0 — / — — — —
0, =-TK, (\/ Pm, y,t ) =—INPM, 7, =7, 47510 + 75150 D000 = 001 Tog0 = T30 To05 = Tiga

MIIE,
T2 =0 T3 =l loa =~ 5 T31 = Ta00F Ta10 FT303 Tans = 0 T30 = 1100 Tap3 = Ay
Gm Gm
Ay = K (l+ aSGl)al + a5ngs:| T30 = T2 Tag = Appr App = = K (QZ +8,G,Q2, +8,G,Q2, ) T34 = Tra

1
Tyy = Taa1tTano T Tans t Tanar Tagy = O Tagp = Mgy Ay =— a, [(Gmasel - Gr)al + Gmastng] ,

1
413~ T1130 T804 = T1040 T2 = a(GmAu _Grgl) Ay, =8 (GlQl +G,Q, ) 1043 = T131T84 = T g

Ts1=Ts110 1 To10 T 051310511 = Xy Ts10 = T1121T513 = T3131 750 = 121053 = 331754 = Lo
To1 = Te11 T T612 T 7613 To11 = i To12 = Tur21 613 = T1131 Te2 = Ta21 Te3 = D131 Toa = Toan
Tia =T T 10 T 07137 07040 T700 = Qi T700 = T4129 0713 = T3130 7714 = T1140 72 = Ta21 073 =T33

T74=T14:T31 = Tg11 T Tg10 T 781317811 = P13 Tg12 = Tan2:Ta13 = T3130Ts2 = Ta 21783 = T331 784 = P24

(The functions are defined in Chapter I)

76



CHAPTER 111

Thermal Diffusion Effect on Unsteady MHD Free Convective
Flow Past an Impulsively Started But Temporarily Accelerated

Semi-Infinite Vertical Plate with Parabolic Ramped Conditions

Published in Heat Transfer, Wiley (Scopus, ESCI), 50(4), 1-33, 2021.

77



3.1 Introduction

Magnetohydrodynamics (MHD) is the section of physics that deals with the dynamics
of electrically conducting fluid under the influence of a magnetic field. Plasmas, liquid
metals, electrolytes, ionized gases are some well-known examples of such fluids. MHD
covers the connection between the magnetic field and the velocity of the conducting fluid.
The field of MHD was initiated by Swiss physicist Hannes Alfven (1942). There are several
applications of MHD. Dynamo and motor work on principles of MHD. Engineers use MHD
in metal dispersion, fusion reactors, metallurgy, etc. Besides these, MHD has vast
applications in aeronautics, chemical and electrical engineering, medicine, and biological
sciences. Pioneer authors due to whose contribution MHD is at present form are Cowling
(1957), Ferraro and Plumpton (1966), Shercliff (1965), and Crammer and Pai (1973), etc.

Density variation in a fluid mixture occurs owing to the change in species
concentration and fluid temperature. This variation generates buoyancy forces acting on the
fluid. The flow arising due to this force is labeled as natural convection or free convection.
Natural convection on MHD flow was studied exclusively by Raptis and Singh (1983),
Hosain and Ahmed (1990), Takhar et al. (1996), Helmy (1998), etc. Nandi and Kumbhakar
(2020) studied free convective MHD flow past a permeable vertical plate with periodic

movement in presence of hall current and rotation.

The process of heat transfer through an electromagnetic wave is classified as
radiation. Radiative convective flows can be found in numerous environmental and industrial
processes. This type of flow takes a pivotal role in high-temperature processes and space
technology. It is also used in the polymer processing industry. Influencing by the importance
of applications, many authors have performed model research on free convection in many
hydrodynamic and magnetohydrodynamics flow problems with thermal radiation effects
under different physical and geometrical circumstances. Mbeledogu et al. (2007), Makinde
(2005), Orhan and Ahmet (2008), Samad and Rahman (2006), Prasad et al. (2006), Seth et al.
(2017), Balla and Naikoti (2015), Siviah et al. (2012), etc. are some authors in this field
whose work are worth mentioning. Seth et al. (2016) discussed the effect of Hall current in a
free convective, radiative, and heat-absorbing MHD flow past a moving vertical plate with
ramped temperature. Ahmed and Dutta (2014) obtained the exact solution of a free
convective transient MHD flow past an infinite vertical plate with radiation and ramped wall

temperature.
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When both thermal and solutal convection appears simultaneously on fluid motion,
the relationship of driving potentials and fluxes are complex. Then mass flux is produced by
both temperature gradient and concentration gradient. Effect of mass flux under temperature
gradient is labeled as Soret effect or thermal diffusion effect. This effect appears when
components of fluid are kept in different temperatures. This effect arises due to the flow of
molecules from hotter regions to cooler regions. C. Ludwing first observed this effect in
1859. But the first experimental work on this effect was performed in the laboratory by noted
Swiss chemist Charles Soret in 1879. This effect has numerous applications in many
chemical and physical processes, isotope separation, etc. Consequences of the Soret effect in
various mass transfer problems were studied by Kafoussias and Williams (1995), Eckert and
Drake (1972), Postelnicu (2004), Ahmed (2010), and Ahmed and Sengupta (2011).

The present investigation aims to study and analyze the problem of a transient MHD
flow past a suddenly accelerated semi-infinite vertical plate with parabolic ramped
temperature along with concentration taking into account the thermal diffusion effect under
the imposition of a uniform transverse magnetic field. Reviewing the literature, we found that
no attempt has been made in this area. The governing equations of this problem are first
transformed into a set of normalized equations and they are solved analytically with the help
of the Laplace transformation technique. The flow phenomena are described using different
parameters viz. magnetic parameter, Prandtl number, Ramped parameter, Schmidt number,
thermal Grashof number, solutal Grashof number, etc. Effect of these parameters on the
concentration field, temperature field, velocity field, Sherwood number, Nusselt number, and

skin friction are analyzed and the results are discussed intensely with the assistance of graphs.
3.2 Mathematical Analysis

Equations that governs the convective flow of a viscous, radiating, electrically
conducting, and incompressible fluid in presence of a magnetic field having constant mass

diffusivity and thermal diffusivity considering thermo- diffusion effect are

Equation of continuity:
V-G=0 (3.1)
Equation of magnetic field continuity:

V-B=0 (3.2)



Ohm’s Law:

Equation of momentum:

Equation of energy:

Species continuity equation:

oC
—+
ot

Equation of state as per Boussinesq approximation:

p.=p|1+B(T-T,)+B(C-C,)]

(d-V)C=D,V*C+D VT

(3.3)

(3.4)

(3.5)

(3.6)

3.7)

According to Rosseland approximation for optically thick and non-gray fluid,

radiative heat flux is

_.r :_40* §T4
3K
Now,
T4=(T-T,+T,) =4TT? - 37" as|T - T, |<<1
So,
*T3
A A P
3K

Therefore, Energy equation (5) reduces to
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*+3
pCp{a—_+(q-§)T}:KV2T +16;;°° VT (3.8)

Now we consider a transient MHD free convective flow of an incompressible,
electrically conducting, and viscous fluid past a semi-infinite moving vertical plate. Suppose,
a uniform magnetic field is applied normally to the plate, directed into the fluid region.

Originally, the plate and neighboring fluid were static with uniform temperature T _along

. . : - . .U
with concentrationC_ . The plate is allowed to move suddenly att =0", with acceleratlont—0
0

forO<t <t,. For t >t,, the plate moves with a uniform speed U, . The plate concentration

. . C,-C, _ T -T _
and temperature are instantaneously raised to C, +—"— =t? and TOOJr%t2

0 0

respectively, for 0<t <t,, where T, >T_, andC, > C_ . Thereafter, the plate attains constant

temperature T, and constant concentration C, for t >t,.

To idealize the mathematical model, the following constraints are imposed-

l. Except for the density variation and buoyancy force, all other fluid characteristics
are assumed to be constant.

. Dissipation of energy due to friction and Joule heating is negligible.

II. Flow is parallel to the plate and one- dimensional.

IV.  Polarization voltage is negligible.

V. The plate is insulating.

“ﬁU( *_)
vl g
-
— —
B
— —>/Z
/

Figure 3.1: Flow Configuration
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We now consider a tri- rectangular Cartesian coordinate (X,Yy,Z,t)with X-axis is taken

vertically upwards along the plate, Y-axis is taken normal to the plate directed into the fluid

region and Z-axis is taken along the width of the plate. Let the fluid velocity beq =(u’,0,0)

and B =(0, B, 0) be the magnetic induction vector.

Equation (3.1) yields,

a
oX
ie,u =u'(y,0)
Equation (3.2) is satisfied trivially
Equation (3.4) reduces to
8U'.A Aap Aap a 2 40 2y’
1+0|=—1——]—-p0qi Byu'l +
O L. I L
Equation (3.10) gives
WD g, Y
ot ox YT TG
and
0=_P
97

3.9)

] (3.10)

(3.11)

(3.12)

Equation (3.12) shows that pressure near the plate and pressure far off the plate is the same

along the normal to the plate.

For fluid far off the plate, equation (3.11) becomes

op

0:
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Eliminating %F: from (3.11) and (3.13), we get

’ 2.1

;0
PoF =(p,—p)g—0Bsu'+ 5

Now, (3.7) gives,
p.—p=p[f(T-T.)+B(C-C.)]

Putting value of (3.15) in (3.14),

ou’ = .o
P :p[ﬂ(T —Tw)+,B(C—COO)]g —oBlU'+u =
. ou' - oB oA
|.e.,a—t_=g,8(T—Tw)+gﬂ(C—Cw)— o +vayz

Equation (3.8) yields,

oT 0T 160T2 07T
C K + ~

Pt a7 3c oy

Equation (3.6) becomes,

2 2
0, %.0,0T

ot
The relevant initial and boundary conditions are:

vy>0:u'=0,T=T_,C=C_;t <0
=Yl ,T:Tw+TW_2T°°t_2,C:Cw+ w2 §20<T <t,
t, t2 t2
y=0:u"=U,T=T,,C=C,t>t,

y—>wo:u'—>0T->T,C>C_;Vt >0

y=0:u

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

The mathematical model is normalized with the help of the following non-

dimensional parameters and variables-

DT(TW—TOO)'N KK u y ,t:t— Gr=vgﬁ(JV;_T°°
0

Sr = =—=,u= ,
4o T U, U,t, t,

B V(Cw_coo)

),Ra:—



g(C, -C _ _ C 2
V95 . w)ﬁ:T To g C=Co g HCo 0BV o v 4 g 4
u; T,-T,”" C,-C, K : D,, 3N
The non- dimensional governing equations are
2
U _ 10U, RaGro+RaGM$—uMRa (3.20)
ot Raoy
2
99__A 00 (3.21)
ot RaPr oy
2 2
9@__1 99,500 (3.22)
ot ScRaoy® Raoy
The relevant initial and boundary conditions are:
vy>0:u=0,6=0,¢=0;t<0
=0:u=t,f=t*¢=t;0<t<1
y=0:u=t0=t",9p=t0<t (3.23)

y=0:u=160=1¢=1t>1
y—>wo:u—>0,60—->0,¢—>0,Vt>0

3.3 Method of Solution

On taking the Laplace transform of the equations (3.21), (3.22), and (3.20) respectively, we

get:
2
sf = df (3.24)
PrRa dy
27 20
sp = L d f+§d f (3.25)
ScRa dy® Ra dy
_ 1 dW@ ~ — _
sl = ——+RaGrod + RaGmg — MRal (3.26)
Ra dy
Relevant initial and boundary conditions are:
el 2 -s 2 -s __2 -s 2 —s—_l -s
y:O'gzs_3(l_e )—S—Ze ,¢ —5—3(1—6 )—S—Ze ,u —S—Z(l—e ) (327)

y—>0:0 50,4000
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Solving equations from (3.24) to (3.26) subject to the conditions (3.27) and obtaining inverse
Laplace transform of the results, the expressions of temperature field 8, concentration field ¢ ,

and velocity field u are :

0= 01,1 - 91,2 (3.28)

¢= (1+ 77)¢1,1 - 77¢1,2 (3.29)

Uy +Up, +Ug+U, i SC#LPr=A
Uy, +U,, +U,,+U,,:SC=LPr=A

u=4 ' ' ' (3.30)
Ug; +Ug, +Ug s +Uy, i SC=LPr=A

Uy, +U,, +U,5+U,, i SC=1Pr=A
3.4 Nusselt Number

According to Fourier’s law of conduction, heat flux ¢ at the plate y=0is

q =—k, %1-0 (3.31)
Here, x, = K+% is the modified thermal conductivity.
Equation (3.31) yields
NU = _%} (3.32)
S

*

Nu = % is called the Nusselt number which is concerned with heat transfer rate at
KO w o

the plate.

Equation (3.32) gives,
Nu =-2(A¢, -v,) (3.33)

3.5 Sherwood Number
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According to Fick’s law of diffusion, mass flux M, at the plate Y =0 is

M, =-D, @} (3.34)
|
Equation (3.34) gives
Sh— _%} (3.35)
Y |,
M Ut . _ : .
In (3.35), Sh =W is called the Sherwood number which is associated with mass
M w - 0

transfer rate at the plate.

Equation (3.35) yields
Sh= —2[(1+ ) (AL -v,)+n(Ag, —V_l)} (3.36)

3.6 Skin Friction

According to Newton’s law of viscosity, viscous drag 7 at the plate ¥ =0 is

T = —ya—q (3.37)
oy y-0
Equation (3.37) gives
au}
T=—— (3.38)
],

In (3.38), 7= T s called the skin friction or coefficient of friction which is associated with
the rate of momentum transfer at the plate.

Equation (3.38) yields,
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T, +T, +T 47, SCELPr£A
Ty + T, +7,,+7,,:5C=LPr=A

T=— (3.39)
Tyt T3, t T35+, :SC2LPr=A

Ty +T,,+7,,+7,,:SC=1LPr=A

3.7 Results and Discussion

We study how the flow parameters involved affect the flow and transport properties.

The numerically computed results are displayed from Figures 3.2 to 3.33.

Figures 3.2 to 3.5 show the variation in temperature field versus normal co-ordinate y
under timet, Prandtl number pr, radiation parameter N , and Ramped parameter Ra . Figure
3.2 indicates that the temperature field hikes as time progresses. Figure 3.3 reveals that the
temperature field gets lowered as the Prandtl number increases. In other words, higher
thermal diffusivity upsurges the temperature field. Figure 3.4 displays that the temperature
field decreases as the radiation parameter increases. In real life system, it is observed that
radiation tends to decrease temperature. This physical observation is reflected here. Figure
3.5 admits that there is a comprehensive fall in the temperature field as Ramped parameter
increases. An increase in Ra means a fall v. Thus, the temperature rises as the friction of fluid
increases. This observation is in excellent agreement with the fact that the fluid temperature
increases for fluid having large friction. From these figures, we can conclude that the

temperature field asymptotically declines from its highest value at y =0 to lowest value as

Yy —> 0.

Figures 3.6 to 3.10 represent the variation in concentration field versus normal co-

ordinatey under Prandtl number Pr, radiation parameter N and Ramped parameter Ra,

Schmidt number Sc, and Soret number Sr. Figure 3.6 reveals that the concentration field
decreases as the Prandtl number increases. This gives us an idea that higher thermal
diffusivity upsurges the concentration field. Figure 3.7 indicates that the concentration field
gets lowered with increment in radiation parameter. From a general idea in physics, it follows
that fluid gets thinner as radiation from fluid to atmosphere increases. This phenomenon is
reflected here. Figure 3.8 reveals that the concentration field decreases for increasing Ramped
parameter. From the definition, it is noticed that Ramped parameter is inversely proportional
to kinematic viscosity. Hence, fluid gets thicker for higher friction. Figure 3.9 suggests that a

higher Schmidt number lowers the concentration field. This informs us that increment in
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mass diffusivity upsurges concentration field. Figure 3.10 confesses us that a higher Soret
number hikes the concentration field. The Soret effect is concerned with mass flux under
temperature gradient. An increment in Soret number indicates a comprehensive rise in
temperature gradient over the concentration gradient. Hence, an increment in temperature

gradient results in a rise in the concentration level of the fluid.

Figures 3.11 to 3.18 explain the variation in velocity field versus normal co-ordinate

y under timet, Prandtl number Pr, Ramped parameter Ra, Schmidt numberSc, thermal

Grashof number Gr, solutal Grashof number Gm, magnetic parameter M and Soret number
Sr. Velocity field hikes with time as shown in Figure 3.11. Figure 3.12 suggests that the
velocity field decreases with increasing Prandtl number. Thus, higher thermal diffusivity
upsurges the velocity field. Figure 3.13 gives us an idea that velocity increases with
increasing Ramped parameter near the plate and its nature changes afterward. As the Ramped
parameter is inversely proportional to kinematic viscosity, so, fluid velocity decreases in a
thin layer adjacent to the plate but increases outside the layer as friction at the plate hikes.
Velocity field hikes with increasing Schmidt number as shown in Figure 3.14. Hence, higher
mass diffusivity declines fluid velocity. There is a comprehensive rise in velocity field with
increasing thermal Grashof number as noticed in Figure 3.15. Higher solutal Grashof number
upsurges velocity field as displayed in Figure 3.16. Thermal Grashof number refers to
buoyancy force under temperature gradient whereas solutal Grashof number refers to
buoyancy force under a concentration gradient. Thus both Figure 3.15 and Figure 3.16 assert
that buoyancy force increases fluid velocity. Figure 3.17 indicates that the velocity field
decline with increasing magnetic parameter. Since the electromagnetic field is applied in the
transverse direction, so increase in electromagnetic force declines fluid velocity. Velocity
field rises substantially for increasing Soret number as observed in Figure 3.18. So, if the

temperature gradient is higher than the concentration gradient, then fluid velocity increases.

Figures 3.19 to 3.21 show the variation in Nusselt number versus time t under Prandtl
number Pr, radiation parameter N, and Ramped parameter Ra. Figure 3.19 suggests that
increment in the Prandtl number upsurges the Nusselt number. This indicates that higher
thermal diffusivity lowers the Nusselt number. Figure 3.20 admits that the Nusselt number
keep the increasing trend with higher radiation parameter. Thus, radiation accelerates the rate

of heat transfer from the plate to the fluid. Nusselt number rises with increasing Ramped
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parameter as shown in Figure 3.21. In other words, increasing viscosity decelerates the heat

transfer process.

Figures 3.22 to 3.26 represent the variation in Sherwood number versus timet under
Prandtl number Pr, radiation parameter N, Ramped parameter Ra, Soret number Sr, and
Schmidt number Sc . Figure 3.22 reveals that the Sherwood number declines with increasing
Prandtl number. Thus, higher thermal diffusivity increases the Sherwood number. Figure 3.23
admits that the Sherwood number gets lowered as the radiation parameter hikes. Thus
radiation tends to slow down the mass transfer process from the plate to the fluid. Sherwood
number upsurges with increment in Ramped parameter as shown in Figure 3.24. The friction
declines the process of mass transfer to a good extent. Figure 3.25 gives us an idea that the
higher Soret number declines Sherwood number. This establishes the fact that a lower
concentration gradient compared to a high-temperature gradient decelerates the mass transfer
process. Figure 3.26 suggests that there is an upsurge in Sherwood number as Schmidt
number hikes. Alternatively, we can say that increasing mass diffusivity decreases the

Sherwood number.

Figures 3.27 to 3.33 explain the variation in skin friction versus time t under Prandtl
number Pr, Ramped parameter Ra, Schmidt number Sc , Soret number Sr, thermal Grashof
numberGr, solutal Grashof numberGm, and magnetic parameter M . Skin friction falls
comprehensively with an upsurge in Prandtl number as shown in Figure 3.27. In other words,
we can say that higher thermal diffusivity raises skin friction. Figure 3.28 admits that skin
friction declines as Ramped parameter hikes. So, increasing kinematic viscosity hikes
frictional resistivity at the plate. Figure 3.29 reveals that skin friction gets decreased as
Schmidt number increases. This admits that higher mass diffusivity enhances skin friction.
Skin friction lowers with increasing Soret number as displayed in Figure 3.30. Hence, the
concentration gradient offers more frictional resistance at the plate compared to the
temperature gradient. Figure 3.31 suggests that skin friction gets lowered as the thermal
Grashoff number increases. Skin friction falls significantly with increasing solutal Grashoff
number as shown in Figure 3.32. Both Figures 3.31 and 3.32 express the fact that buoyancy
force tends to lower frictional resistance at the plate. Figure 3.33 admits that skin friction
hikes as magnetic parameter upsurges. In other words, the electromagnetic force increases

frictional resistivity at the plate.
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3.8 Conclusions

The significant findings of our investigation are as follows:

i.  The temperature field falls for a higher Ramped parameter.
ii.  Ascending values of the Prandtl number lowers the concentration field.
iii.  Velocity field accelerates for higher Soret number.
iv.  Nusselt number upsurges for increasing Ramped parameter.
v.  Higher Schmidt increases the Sherwood number.

vi.  Increasing Soret number declines skin friction.
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Figure 3.3: Temperature field versus y for different Pr and t=5, Ra=5, N=1
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Figure 3.4: Temperature field versus y for different N and t=5, Ra=5, Pr=0.71
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Figure 3.5: Temperature field versus y for different Ra and t=5, N=1, Pr=0.71
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Figure 3.7: Concentration field versus y for different N
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Pr=0.71, Ra=5, A =0.2, Sr=0.5, Gr=5, Gm=5, Sc=2, M=1

t=2, Ra=5, N=0.2, Sr=0.5, Gr=1, Gm=1,
Sc=2, M=1
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Figure 3.12: Velocity field versus y for different Pr and
t=2, Ra=5, A=0.2, Sr=0.5, Gr=1, Gm=1, Sc=2, M=1
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Figure 3.13: Velocity field versus y for different Ra and
t=2, Pr=0.71, A=0.2, Sr=0.5, Gr=5, Gm=1, Sc=2, M=1
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t=2, Pr=0.71, Ra=1, A=0.2,
Sr=0.5, Gr=1, Gm=1, M=1
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Figure 3.14: Velocity field versus y for different Sc and
t=2, Pr=0.71, Ra=1, A=0.2, Sr=0.5, Gr=1, Gm=1, M=1
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t=2, Pr=0.71, Ra=5, N=0.2,
Sr=0.5, Gm=1, Sc=2, M=1

Figure 3.15: Velocity field versus y for different Gr and
t=2, Pr=0.71, Ra=5, A=0.2, Sr=0.5, Gm=1, Sc=2, M=1

t=2, Pr=0.71, Ra=5, A=0.2,
Sr=0.5, Gr=1, Sc=2, M=1
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Figure 3.16: Velocity field versus y for different Gm and
t=2, Pr=0.71, Ra=5, A=0.2, Sr=0.5, Gr=1, Sc=2, M=1
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t=2, Pr=0.71, Ra=5, A=0.2,
Sr=0.5, Gr=1, Gm=1, Sc=2
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Figure 3.17: Velocity field versus y for different M and
t=2, Pr=0.71, Ra=5, A=0.2, Sr=0.5, Gr=1, Gm=1, Sc=2

t=2, Pr=0.71, Ra=5, A=0.2,
Gr=1, Gm=1, Sc=2, M=1
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Figure 3.18: Velocity field versus y for different Sr and
t=2, Pr=0.71, Ra=5, A=0.2, Sr=0.5, Gr=1, Gm=1, Sc=2
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Figure 3.19: Nusselt number versus t for different Pr and N=1, Ra=5
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Figure 3.20: Nusselt number versus t for different N and Pr=0.71, Ra=5
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Figure 3.21: Nusselt number versus t for different Ra and Pr=0.71, N=1
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Figure 3.22: Sherwood number versus t for different
Prand N=1, Ra=1, Sr=3, Sc=0.22
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Pr=0.71, Ra=1, Sr=3, Sc=0.22
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Figure 3.23: Sherwood number versus t for different
N and Pr=0.71, Ra=1, Sr=3, Sc=0.22
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Figure 3.24: Sherwood number versus t for different
Ra and Pr=0.71, N=1, Sr=3, Sc=0.22
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Figure 3.25: Sherwood number versus t for different
Srand Pr=0.71, N=1, Ra=1, Sc=0.22
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Figure 3.26: Sherwood number versus t for
different Sc and Pr=0.71, N=1, Ra=1, Sr=1
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Figure 3.27: Skin friction versus t for different Pr
and Ra=1, A=0.2, Sc=2, Sr=2, Gr=1, Gm=1, M=1
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Figure 3.28: Skin friction versus t for different Ra and
Pr=0.71, A =0.2, Sc=2, Sr=2, Gr=1, Gm=1, M=1
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Figure 3.29: Skin friction versus t for different Sc and
Pr=0.71, Ra=1, A=0.2, Sr=5, Gr=1, Gm=1, M=1
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Figure 3.30: Skin friction versus t for different Sr and
Pr=0.71, Ra=1, A=0.2, Sc=2, Gr=1, Gm=1, M=1
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Figure 3.31: Skin friction versus t for different Gr
and Pr=0.71, Ra=1, A=0.2, Sc=2, Sr=1, Gm=1, M=1
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Figure 3.32: Skin friction versus t for different Gm and
Pr=0.71, Ra=1, A=0.2, Sc=2, Sr=1, Gr=1, M=1
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Figure 3.33: Skin friction versus t for different M and
Pr=0.71, Ra=1, A=0.2, Sc=2, Sr=1, Gr=1, Gm=1

101



Nomenclature:

B : Magnetic flux density

: Applied magnetic field strength (W“’er)

m?2

o

C., : Concentration far off the plate (m—";)

. m
. l

C,, : Iso-solutal plate concentration (%)
m

Ra : Ramped parameter

. . l
C : Molar species concentration (ﬂ)

m3
. . m2
D,, : Mass diffusivity (T)
J

C, : Specific heat at constant pressure (Kg—K)

D, : Molar thermal diffusivity (——)
g : Gravitation acceleration vector

Gr : Thermal Grashof number

g : Gravitational acceleration (Sﬂz)

Gm : Solutal Grashof number

J : Current density vector (%)

N : Radiation parameter

p : Pressure (%)

Pr : Prandtl number

M : Magnetic parameter

q : Fluid velocity vector
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g, : Radiation heat flux vector
) I w
g, : Radiation heat flux (ﬁ)
Sc : Schmidt number
. H m
U, : Plate velocity (?)

Sr : Soret number

|

: Time (s)
T : Fluid temperature (K)
T, : Undisturbed temperature (K)

m
S

: X-component of fluid velocity ( )
Greek Symbols:
.- . . Kg
u - Coefficient of viscosity (ﬁ)
o : Electrical conductivity (%)

p : Fluid density (%)

o : Stefan-Boltzmann constant( W )

m2.K*
p..: Fluid density far off the plate (%)

£ Volumetric coefficient of thermal expansion (%)

x . Thermal conductivity (%)

,E - Volumetric coefficient of solutal expansion (K ;ol)

K Mean absorption constant (%)
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2
v : Kinematic viscosity (mT)
Subscript:

w : Physical quantity at the plate

oo : Physical quantity far off the plate
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Appendix

PrRa - ScSr

§:T1Gl:G<y\/g’t)’91,l:2AGl’//ll21(51 y’t)’ = /11 5 cha ¢,1:¢1,1,1_¢1,1,2
_ Ra.

¢, =2AG,,G, =G(y\/ScRa,t),¢1’L2 =24,,2, =A(ScRa, y,t),¢,=60,a,=M.Ra,a, = . I?a

—Ra’Gr

1= Z_Ra vu1,1:u1,1,1_u1,1,2+u1,1,3+u1,1,41u1,1,1:Aflvf = (Ra a,y, t) 112 = U101 —Upgo,
u1,1,2,1:ZNlA(Aﬂ//z+Azl//1+A3f1+A4a)1)il//1:‘/’(Ra’aiiyvt)"//z:‘P(Ra’aiiazv%t)
1 1 1 1 — — —
o, =w(Ra,a,yt),A=—5 A=—— A= A=—"\U,,, =2N1(A5l//2 +AY + A fl)
a, a, a, a,

1 RaGm(1+n
A5=— 13 = U131 — U1z 1131_2N A(A\SV/3+A7V/1+Asf +Aaa)l) #

a,’ Sc-1

a 1 1
= y =, = = l = Ra t
S U Il i T zAa ol ¥ (Ra,a,a;, y.t)
— — 1

Uiz =2N2(Aio‘//3+AaV/1+A9 f ) AlO _ag_ haa =Up141 U420 Ui14: =2N A('0‘111//44"6‘12'//14"&13]: +A14a)1)

Ra.a Ra’Gm.; 1 1 1
a, = 1N = y :__ ’ =T =, :lIJ Ra1 l_a’ at
4 Ra—¢& 3 Ra—¢ A, a A, = 3 A; a42 A, a, Y, ( a,,—a,Yy )

1
Upiap = (A15‘//4+A13‘//1+A14 A5 :a_ o =Up —Up0:Up 50 =2N A(Aﬂ//s"'AzE +A321+A4G)
:\P(f’o’az’y’t)'Elzerfc[y ] U, =2N, AEWs"'AzE +A411) —Upzq Uiz,

U5, = 2N A (A, + AE, + A, + AG,) s =¥ (ScRa,0,a,,Y,t), E, =erfc(y—‘28jt_RaJ,

U, = 2N (Am‘//s + ABE + Aaﬂz) U g F U g0 U4 = =2N A('0‘11'//7 +AE + A4 +AG )
= ‘P(f,o —a,,Y, t) 142 = 2N3 (Alsl//7 + A13 El + A14/11)’u2,1 =Uypq Uy FUyy 5+ Uy g4,
RaGm(1+7) —
Uppg =UpgqsUpgp = Upgo Uy g =Upgg —Uppg05Upg50 = 2N4Aw1’ N4 == a, Upiz, = 2N4 fl’
Uy g = Uy 0 Upo =Up o, Uy s =Uy gy —Upgo,Up 5, = 2N4AGZ’ Uy5, = 2N4/12 1Up g = Uy 4,
RaGr

Ugg =Ugqq —Ugqp FUgy 5+ Uy 4y Usyg =UpgqyUggp =Ugypg —Uggo0iUsg 00 = 2N5Aa)1’ N5 = a, )

- RaGm n -
Usio, = 2N5 f1’ Usis =Upy3:Ugp 4 = Uy 40 —Ugg400Ugp 40 = =2N Aa}v N a, 1Ugq4, = 2N6 f1v

Us, =Uzpq —Ug 555U 50 = =2N AC':‘1 Usr, = ZNsﬂi’U3,3:u1,3'u3,4:u3,4,1_u3,42' 341 — =2N AG

Us s 2N6ﬂ1 Uyp =Ugpq —Ugqp tU g3+ Us 40 Uggg =Upgq,Uygp =UsypiUgg =Usg5:Ug04 =Ugs g,

Uy, =Ugp, Uy =Uy5,U, , =Ugy
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¢ =¢(VEt) v =v(£1).5, = ¢ (VSeRa,t), v, =v(ScRa t),

T =T1 ~Tigo T has T Taar Tign = AD), D, =D ( Ra, a, t) 10112 = T1101 ~ 122

T =2NA(AZ + AQ +AD, +A0,),Z, =Z(Ra,a,,a,t),Q, =Q(Ra,a,t),0, =0(Ra,a,,t)
Ti2o = 2N (AZ + AQ + AD, )71y = Ty101 — T Turss = 2NA(AZ, + AQ + AD, + AO,)
Z,=Z(Ra,a,85,),715, = 2N, (AgZ, + AQ + A, ), 710 = Ty141 ~ Ty

Tiar = 2NAA(AZy + A0, + AD, + A0,), 2, =Z (R, -, 1), 73,0, = 2N (A Zy + ALQ, + A, D, )

T2 =001~ T1201 %100 = 2N1A(AIZ4 + A+ Ay, + A“él) 2i=2 (é’ 02 ’t)’al - (2_\/\/3'[_],

Ti22 = 2N, (Asz_zt + A3;1+ A4‘71) 1Ti3 = T3 T T30 Ti31 = ZNzA(AsZS + A, + Ay, + AG, )’
Zy=17 (SCRa' 0, a3,t) &y = a(ﬂJ 1Tigp = 2N, (AJ.OZ_5+ Aaa_z"' Agv_z) 1Tig = T4 T a2
2t
Ti41 = 2N3A(Auzs + Ao+ Ay + Ai4§1) Ly=L (5’ 0, _a4't) 1T140 = 2N, (Aisz_e + A13;1+ A14‘71)
To1 =Toa1~ Toa2 ¥ Tons t Tonar Tona = TCaans Ton2 = Taaos Tong = Tongn — Po1320 Tonsn = 2N,AG,
T2132 = 2N451, Toa =T114:To2 = T2 To3 = Toz1 ~ T2 Taga = 2N4AL, Tps, = 2N4‘72’ Toa =0
Taq =T340~ Ta12 + T313 T Ta14s Ta1a = Trans Tan2 = Ta101 — Pan2 Tanon = 2NsAO;, Tq 5, = 2Ng CE1
Ta13 = Ti19: Ta1a = Tanan ~ Tapaps Tanan = 2NGAO,, Ty 4, = 2Ng qu’ Tap = T30~ Ta021 301 = ZN;AL,
Ta00 =2NgVi, Ty =713, T34 =T340~ T342: T340 = 2NgAG,, T34, =2NeVy, T4y = Ty01 = T30+ Ta13+ Tana

Ta1a = T2 %a12 = 73120413 = 72130 Tana = T3141T02 = 0320743 = T23: 044 =T34

(The functions are defined in Chapter I)
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CHAPTER IV

Diffusion Thermo Effect on Free Convective Flow Past an
Impulsively Started Semi- Infinite Moving Vertical Plate with

Uniform Heat and Mass Flux

Published in JP Journal of Heat and Mass Transfer (Scopus), 24(1), 37-62,
2021.
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4.1 Introduction

Buoyancy force occurs due to density variation in fluid mixture. The flow generated
by buoyancy force is termed as natural convection or free convection. Tornado, ocean
currents, sea breeze, land breeze are some well-known environmental examples of natural
convection. Mbledogu et al. (2007) considered the free convective compressible Boussinesq
flow under the action of transverse magnetic field. Prasad et al. (2007) and Chandrakala
(2010) studied the consequences of free convective flow past an impulsively started infinite
vertical plate with uniform heat and mass flux in presence of thermal radiation. Ahmed et al.
(2010), Makinde (2005), Samad and Rahman (2006) investigated the effect of natural
convection through a porous vertical plate immersed in porous medium while Das and Jana
(2010), Hazarika and Ahmed (2021) studied using non- porous vertical plate submersed in
porous medium. Vedhanayagam et al. (1980), Martyneko et al. (1984), Kolar and Sastri
(1988), Ramanaiah and Malarvizhi (1992), Carmago et al. (1996) studied intensively the

behavior of free convective flow near vertical plate or surface under different conditions.

When two non-reacting and chemically different fluids are allowed to diffuse into
each other at same temperature, the system generates a heat flux. It is the reverse phenomena
of Soret effect. Effect of energy flux due to composition gradient in a chemical system is
labeled as diffusion thermo effect or Dufour effect. This effect was discovered by noted
Swiss scientist L Dufour in 1873. Eckert and Drake (1972) nicely illustrated this effect in
their book. Kafousssias and Williams (1995) studied both Dufour and Soret effects in a
mixed free- forced convective heat and mass transfer boundary layer flow problem. Jha and
Ajibade (2011) investigated the influence of Dufour effect in a free convective heat and mass
transfer flow in a vertical channel. Postelnicu (2004) examined consequences of both Soret
and Dufour effects on a vertical surface embedded in porous medium. Ahmed et al. (2013)
studied Dufour effect on a transient MHD flow past a uniformly moving porous plate with
heat sink. Srinivasacharya et al. (2015) investigated roles of Soret and Dufour effects in a
mixed convective heat and mass transfer problem along a wavy surface in porous medium.
Ullah et al. (2017) studied unsteady mixed convective flow of Casson fluid over a non-
linearly stretching sheet.

The purpose of the present investigation is to study the role of Dufour effect in a free
convective flow past an impulsively started vertical moving plate with uniform heat and mass

flux. Reviewing the existing literature, we found that no attempt has been made to study this
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kind of problem. The governing equations are first normalized and they are solved by
applying closed form of Laplace transform technique. Effect of different flow parameters,
viz., Prandtl number, Schmidt number, Dufour number, thermal Grashoff number and solutal
Grahof number on concentration field, temperature field, velocity field, plate concentration,

plate temperature and skin friction are discussed exclusively with the help of graphs.
4.2 Mathematical Analysis

The governing equations of the convective flow of an electrically conducting,
incompressible, viscous fluid having constant mass diffusivity and thermal diffusivity
considering diffusion- thermo effect are

Continuity equation:

V-q=0
Momentum equation:
55! P AT v - 27
p{&+(q~v)q}=—w+pg + Vg (4.2)
Energy equation:
6T = _ 2 pDM KT 2
pCp[E+(q'V)T}—WT+C—SVC (4.3)
Species continuity equation:
%+(d ﬁ)c =D, V’C (4.4)
Equation of state as per Boussinesq approximation:
pwzp[nﬂ(T —T@)+E(C—Cw)] (4.5)

We consider natural convective heat and mass transfer flow of an electrically

conducting, incompressible and viscous fluid past a semi- infinite vertical plate with uniform

heat and mass flux. Let us introduce a rectangular co- ordinate system (x',y’,z’,t")with X

axis vertically upwards, Y axis normal to the plate directed towards fluid region and Z axis
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along the width of the plate. Let q=(u’,0,0)be the fluid velocity at the point (X', y’,z',t")in
the fluid.

Initially, the plate and the neighbouring fluid were at rest with uniform temperature
T, and concentration C_ at all points in the fluid. At timet =0", the plate suddenly starts to

move in its own plane with speed U,along X axis. Instantaneously, the temperature and

o

concentration of the plate are raised to 9 and _JB respectively, which are thereafter

K

regarded as constant.
The foremost assumptions to idealize the mathematical model are-

l. Except the variation in density in the buoyancy force term, all the fluid properties
are constant.

. Dissipation of energy due to friction and Joule heating are negligible.

II. Flow is one- dimensional which is parallel to the plate.

IV.  Plate is electrically non- conducting.

V. No external electric field is applied for which the polarization voltage is
negligible.
A?(T UO
¥

)

L !

v

Figure 4.1: Flow Configuration
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Equation (4.1) yields,

ou’
ox’' (4.6)
ie,u =u'(y.t)
Equation (4.2) reduces to
ou’ ~0p O0p . U’ .
—I1+0|=—1——-]——pgi + I 4.7
p[at, } vz Jay' Jolt Ho (4.7)
Equation (4.7) gives
ou' op o’
I N T 4.8
Py = o PY Ve (4.8)
and
op
0=-—— (4.9)
oy

Equation (4.9) shows that pressure near the plate and pressure far away from the plate

is same along the normal to the plate.

For fluid region far away from the plate, equation (4.8) takes the form

0--L g (4.10)
OX
Eliminating % from (4.8) and (4.10), we get
X
p—'z(p —p)g+ﬂazu’ (4.11)
at! o ay!2
Now, (4.5) gives,

p.—p=p|B(T-T,)+B(C-C,)] (4.12)

Putting value of (4.12) in (4.11),
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ou’ - o’u’
P =PLA(T-T.)+B(C-C.)|o+uym
ou’ - o°u’

ie., " =98(T-T,)+9B(C-C,)+v—; (4.13)

Equation (4.3) yields,

2 2
or _ T pD,K, &C (.10

C
P p atr ay!2 Cs ayIZ

Equation (4.4) yields,

2
o« _ D,, 0 E (4.15)
at! ay!
The relevant initial and boundary conditions are:
vy'>0:u'=0,T=T_,C=C_;t'<0
a__9__J .. (4.16)

'=0:u'=U,,—=-——,—=
y 0 ay/ K ayr DM
y—>w:u"—-0T->T,C—>C_;t'>0

To normalize the mathematical model of the problem, we introduce the following

non- dimensional quantities-

D,K;(C —-C ! ! (VR T —-T
Du: M T( w w),u:u ,y:yUO,t:tUO,Grzvgﬂ(v:\; oc),
CCov(T,-T,) U, v v U,
g(C,-C - _ C
o VIB( . “),6?=T T4 C-C, p_#Co g v
VE T,-T.'" C,-C, K D,,
The non- dimensional governing equations are
2
M _%Y, Gro+Gmg (4.17)
o oy
2 2
0_150 0% (218
ot Proy oy
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o9 _179 (4.19)

Subject to the initial and boundary conditions:

Vy>0:u=0,=0,¢=0;t<0
y:O:u:l,%z—l,%:—l;bO (4.20)
oy oy

y—>w:u—>0,60->0¢->0t>0

4.3 Method of Solution

Taking Laplace transform of the equations (4.19), (4.18) and (4.17) respectively, we

get the following ordinary differential equations:

- 1d%
S¢ =— 4.21
¢ SC dy2 ( )
2n 2
9-—99,p,9¢ (4.22)
Pr dy dy
_ dm - -
SU =——+Grgd +Gmg (4.23)
Subject to the initial and boundary conditions:
y S (4.24)

Solving equations from (4.21) to (4.23) subject to the conditions (4.24) and taking

inverse Laplace transform of the solutions, the expression for concentration field ¢ ,

temperature field &, and velocity field u are as follows:

1
¢_Em1 (4.25)

0111 +91’2 :Pr=Sc

g— (4.26)
6’2’1 + 6’212 :Pr=Sc
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Uy, +U, +U s +U, :Pr=Sc,Pr#1Sc=1
Uyy +U,, +U,5+U,, i Pr=Sc=1
U=qUg; +Uy, +Uzs +U,, 1 SC# Pr=1 (4.27)

Uy +U,, +U, 5 +U,, tPr#3Sc=1

U, +Ug, +Ug +Ug, i Pr=Sc=1

4.4 Plate Concentration

Plate concentration is determined as

¢(0)= (4.28)

4.5 Plate Temperature

Plate temperature is found as

(4.29)

4.6 Sherwood Number

The mass flux M, at the plate y'=0 is characterized by Fick’s law of diffusion is given by

M, =-Dy ﬁ} (4.30)
'],
Equation (4.30) gives
Sh= —%} (4.31)
Y 1,

M,V

is known as the Sherwood number which is related to the
DM (CW _COO)UO

In (4.31), Sh=

rate of mass transfer at the plate.
Equation (4.31) yields

Sh

Il
[EEN

(4.32)
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4.7 Nusselt Number

The heat flux q" at the plate 9 = 0is determined by Fourier’s law of conduction is given by

g a—q (433)
oy y-o
*3
where x, =k + 16; ,:r“’ is the modified thermal conductivity.
K
Equation (4.33) yields
Nu = —%} (4.34)
],
Where Nu :*q—v is called the Nusselt number which is correlated to the rate of
K, (T, —T.)Y,
heat transfer at the plate.
Equation (4.34) gives,
Nu=1 (4.35)
4.8 Skin Friction
The viscous drag at the plate y'=0 is specified by Newton’s law of viscosity is given by
T=—p a“,} (4.36)
o |,
Equation (4.36) gives
T= _a_u} (4.37)
oy y0

TV
2
0

In (4.37), 7= is denoted as the skin friction or coefficient of friction which is
associated with the rate of momentum transfer at the plate.

Equation (4.38) yields,
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T, + T, +1,+7, Pr#3c,Pr21,Sc=1
Ty +T,, +T,5+7,,:Pr=Sc=1
T=—Ty +Ty, +T,5+7,,:SC#Pr=1 (4.38)

Ty +T,,+7,,+7,,Pr£Sc=1

Ty, + T, +T55+75, Pr=5c=1

4.9 Results and Discussion

The effects of various flow parameters associated with the flow and transport
properties are examined by assigning some specific values to variables and parameters. The

results are demonstrated from Figures 4.2 to 4.22.

Figure 4.2 and Figure 4.3 display the variation of concentration field versus normal
co- ordinate y. Figure 4.2 admits that concentration field keeps on increasing with time.
Figure 4.3 reveals that there is a comprehensive fall in concentration field for increasing

Schmidt number. Thus, higher mass diffusivity raises concentration field.

Figures 4.4 to 4.7 illustrate the variation of temperature field versus normal co-
ordinate y. Figure 4.4 suggests that temperature field escalates with time. Figure 4.5 shows
that temperature field upsurges in a thin layer adjacent to the plate and after that its behaviour
changes as Schmidt number increases. In other words higher mass diffusivity first decreases
temperature field in a thin layer adjacent to the plate and after that its behaviour reverses.
Temperature field decelerates with increasing Prandtl number as shown in Figure 4.6.
Accordingly, temperature field accelerates with higher thermal diffusivity. Figure 4.7 gives

us an idea that temperature field rises with upsurge in Dufour number.

Figures 4.8 to 4.13 depict the variation of velocity field versus normal co- ordinate y.
Figure 4.8 reveals that as time progresses, velocity field increases in a small layer adjoining
the plate but decreases afterwards. Velocity field declines in a thin layer adjacent to the plate
and its behaviour reverses as Schmidt number rises as shown in Figure 4.9. Velocity field
falls in a slim layer neighbouring the plate and its nature takes reverse turn outside the layer
as Prandtl number upsurges as demonstrated in Figure 4.10. Figure 4.11 exhibits that with
increasing Dufour number, velocity field hikes near the plate, but after a critical point its
nature reverses. Velocity rises with increment in both thermal Grashof number and solutal
Grashof number but after a critical point its behaviour changes as noticed in Figure 4.12 and

Figure 4.13 respectively.
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Figure 4.14 displays the variation of plate concentration versus time t. It confirms that
plate concentration decreases as Schmidt number increases. Thus, higher mass diffusivity

raises plate concentration.

Figures 4.15 to 4.17 exhibit the variation of plate temperature versus time t. Figure
4.15 shows that plate temperature raises with increment in Schmidt number. In other words,
we can say that higher mass diffusivity lowers temperature field. Enhancement in Prandtl
number declines plate temperature as observed in Figure 4.16. Consequently, higher thermal
diffusivity hikes plate temperature. Figure 4.17 admits that plate temperature rises

considerably as Dufour number upsurges.

Variations of skin friction versus time t are demonstrated from Figures 4.18 to 4.22.
Figure 4.18 admits that skin friction lowers as Schmidt number hikes. Thus, skin friction
hikes as mass diffusivity increases. Skin friction falls substantially with increasing Prandtl
number as observed in Figure 4.19. In other words, we can say that, enhancement in thermal
diffusivity leads to rise in skin friction. Skin friction lifts with increment in Dufour number as
noticed in Figure 4.20. There is a comprehensive rise in skin friction for increasing thermal
Grashof number and solutal Grashof number as observed in Figure 4.21 and Figure 4.22

respectively.
4.10 Conclusions

The prominent outcomes of the present work are as follows:

i.  Both concentration field and temperature field accelerates with time.

ii.  Velocity field upsurges in a thin layer adjacent to the plate with increment in Dufour
number, thermal Grashof number and solutal Grashof number and thereafter its
behavior reverses.

iii.  Higher mass diffusivity increases plate concentration but decreases plate temperature.

iv.  There is a considerable fall in skin friction for higher Schmidt number and Prandtl

number.
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Figure 4.4: Temperature field versus y for different t
and Sc=0.22, Pr=0.71, Du=0.5
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Figure 4.7: Temperature field versus y for different Du
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Figure 4.10: Velocity field versus y for different Pr
and t=0.3, Sc=0.22, Du=0.5, Gr=10, Gm=3
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Figure 4.13: Velocity field versus y for different Gm
and t=0.3, Sc=0.22, Pr=0.71, Du=0.5, Gr=1
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Figure 4.16: Plate temperature versus t for different Pr
and Sc=0.22, Du=1
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Figure 4.17: Plate temperature versus t for different Du
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Figure 4.19: Skin friction versus t for different Pr
and Sc=0.22, Du=0.5, Gr=1, Gm=1
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Figure 4.20: Skin friction versus t for different Du
and Sc=0.22, Pr=0.71, Gr=1, Gm=1
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Figure 4.22: Skin friction versus t for different Gm
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Nomenclature:
C : Molar species concentration

C_ : Specific heat at constant pressure

©

C, : Concentration susceptibility
C., : Concentration far away from the plate
C,, : Iso-solutal plate concentration
D,, : Mass diffusivity

Du : Dufour number

g : Gravitation acceleration vector
g : Gravitational acceleration

Gr : Thermal Grashof number

Gm : Solutal Grashof number

K; : Thermal diffusion ratio

p : Pressure

Pr : Prandtl number

q : Fluid velocity vector

Sc : Schmidt number

Sr : Soret number

t'" :Time

T : Fluid temperature

T, : Undisturbed temperature
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T, : Wall temperature

u’ : X-component of fluid velocity

U, : Plate velocity

Greek Symbols:

u  Coefficient of viscosity

o - Fluid density

p.. - Fluid density far away from the plate
x . Thermal conductivity

K Mean absorption constant
x : Thermal conductivity

B : Volumetric coefficient of thermal expansion

S Volumetric coefficient of solutal expansion
v . Kinematic viscosity
Subscripts:

w : Refers to physical quantity at the plate

oo : Refers to physical quantity far away from the plate
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Appendix
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(The functions are defined in Chapter I)
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CHAPTER V

Dufour Effect on Unsteady MHD Flow Past a Vertical Plate

Embedded in Porous Medium with Ramped Temperature

Published in Scientific Reports, Nature (Scopus, SCIE), 12(1), 2022.
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5.1 Introduction

The branch of physics that deals with the interaction of the magnetic field with
electrically conducting fluid are termed as Magnetohydrodynamics (MHD). Saltwater, liquid
metals, plasmas, electrolytes are some common examples of such fluids. Noted Swiss
scientist Hannes Alfven (1942) initiated the field of MHD for which he received the Noble
prize in physics in the year 1970. But, due to substantial contributions from other authors like
Cowling (1957), Shercliff (1965), Ferraro and Plumpton (1966), Roberts (1967), Crammer
and Pai (1973), etc., MHD is at present form. There are several applications of MHD in
modern technologies. Geophysical and astrophysical applications of MHD are nicely
elaborated by Dormy and Nunez (2007). Dynamo, motor, fusion reactors, dispersion of
metals, metallurgy, etc. are some engineering applications of MHD. Aeronautical
applications of MHD were studied exclusively by Li et al. (2017). Farrokhi et al. (2019)
studied biomedical applications of MHD.

Change in fluid temperature and species concentration generates density variation in
the fluid mixture. This variation develops buoyancy forces that act on the fluid. The flow
produced due to the buoyancy force is termed free convection or natural convection. Manh et
al. (2020), Das and Ahmed (1992), Kafoussias (1992), Kumar and Singh (2013), etc. studied

the effect of free convection on various MHD problems.

The porous medium contains holes or voids that are filled with solid particles which
let the fluid pass through it. The mechanism of porous flow finds its applications in inkjet
printing, nuclear waste disposal, electro-chemistry, combustion technology, etc. Dwivedi et
al. (2018) studied MHD flow through the vertical channel in a porous medium while Raju et
al. (2014) observed the MHD flow through horizontal channel taking viscous dissipation and
Joule heating into account. Free convection in the porous media was investigated by Helmy
(1998), Raju and Varma (2011), Pattnaik and Biswal (2015), Sinha et al. (2017), Basha and
Nagarathna (2019).

Radiation is a form of heat transfer by electromagnetic waves. Many environmental
and industrial procedures encounters with radiative convective flows. Flows of this kind take
crucial role in space technology and high temperature activities. This influence many authors
to perform model research on free convection with thermal radiation in several hydrodynamic

and magnetohydrodynamic problems under various physical and geometrical conditions.
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Mbeldogu et al. (2007), Makinde (2005), Samad and Rahman (2006), Orhan and Ahmet
(2008), Prasad et al. (2006), Ahmed and Dutta (2014), Takhar et al. (1996), Seth et al. (2016),
Balla and Naikoti (2015), Siviah et al. (2012) are some worth mentioning researchers in this

area.

The effect of chemical reaction carries a great practical significance in heat and mass
transfer problems. So, many researchers studied applications of chemical reaction in different
MHD flow problems. Apelblat (1982) investigated chemical reaction effect in a mass transfer
problem with axial diffusion. Mahapatra et al. (2010) examined the effects of chemical
reaction in a free convective flow in a porous media surrounded by a vertical surface.
Andersson et al. (1994) and Takhar et al. (2000) considered the diffusion of a chemically
reactive species from a stretching sheet while Ganesan and Rani (2000) studied the diffusion
of chemically reactive species through a vertical cylinder. Muthucumaraswamy and Ganesan
(2001), Kandasamy et al. (2005), Raptis and Perdikis (2006), etc. investigated the effects of
chemical reaction in various MHD problems. Arifuzzaman et al. (2018) studied chemically
reactive and naturally convective high speed MHD flow through an oscillating vertical

porous plate.

If two non-reacting and chemically different fluids are allowed to diffuse into each
other at the same temperature, the system produces a heat flux. Effect of flux due to
composition gradient is defined as Dufour effect or diffusion thermo effect. Renowned Swiss
scientist L. Dufour discovered this effect in 1873. This effect is nicely elaborated by Eckert
and Drake (1972). Swetha et al. (2015) analyzed Dufour and radiation effects on a free
convective flow in a porous medium. Reddy et al. (2016) studied both Soret and Dufour
effects of an MHD flow past a moving vertical plate immersed in a porous medium taking
Hall current and rotating system into account. Oyekunle and Agunbiade (2020) explored the
consequences of the Dufour and Soret effect of MHD flow on an inclined magnetic field.
Kumaresan et al. (2018) analytically investigated the Dufour effect on unsteady free
convective flow past an accelerated vertical plate. Vijaya Kumar et al. (2013) studied Dufour
and radiation effects on a free convective MHD flow past an infinite vertical plate in presence
of chemical reaction. Shateyi et al. (2010) studied the effects of Soret, Dufour, Hall current
and radiation of a mixed convective flow in a porous medium. Postelnicu (2004) examined
the consequences of both Soret and Dufour effects on a vertical surface embedded in a porous

medium.
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The present investigation aims to analyse the role of the diffusion thermo effect in a
free convective, radiative, and chemically reacting fluid in a porous medium with arbitrary
ramped temperature. Reviewing the existing literature, we found that no work has been done
taking Dufour effect and ramped temperature with arbitrary characteristic time
simultaneously in a flow past an exponentially started vertical plate. The governing equations
are first converted to non-dimensional partial differential equations using some dimensionless
quantities. A closed-form of the Laplace transform technique is adopted to solve the
equations. Effects of different flow parameters like Prandtl number, Schmidt number,
magnetic parameter, thermal Grashof number, solutal Grashof number, Dufour number,
chemical reaction parameter, radiation parameter, porosity parameter, etc. on temperature
field, concentration field, velocity field, Nusselt number, Sherwood number, and skin friction
are discussed graphically. The obtained results are also verified with previously published

work.
5.2 Mathematical Analysis

Equations that govern  the convective flow of an electrically conducting,
incompressible, viscous, chemically reactive, and radiating fluid in a porous medium in
presence of a magnetic field having constant mass diffusivity and thermal diffusivity taking

the diffusion- thermo effect into account are

Continuity equation:

V-q=0 (5.1)
Magnetic field continuity equation:
V-B=0 (5.2)
Ohm’s Law:
3=G(E+ax§) (5.3)
Momentum equation:
p{g_}(w)a}=_€p+3x§+pa+ﬂvza_ﬁ_i 5.4
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Energy equation:

oa (-5 _ oo ., PDuK: oo
pCp{R—i—(qV)T}—WT—V-qr—FC—VC

S
Species continuity equation:

oC
ot’

+(q-V)c=p,v’C+K(C,-C)
Equation of state as per Boussinesq approximation:
p.=p|1+B(T-T,)+B(C-C,)]

The radiation heat flux as per Rosseland approximation is given by

— do" —
G=g e VT
Now,
T =(T-T,+T,) =4TT? -3/ as[T -T,| <1
So,
gqi :_160'*]'303 VT
3K

Therefore, Energy equation (5.5) reduces to

160°T>

a - < D, K
PCp{E+(Q'V)T}=WzT+ e veT £l vie

3K C,

(5.5)

(5.6)

(5.7)

(5.8)

We now consider a transient MHD free convection flow of a viscous incompressible

electrically conducting fluid through a porous medium past a semi-infinite vertical plate in

presence of a uniform magnetic field applied normal to the plate, directed into the fluid

region. Initially, the plate and the surrounding fluid were at rest with uniform temperature T

and concentration C_at all points in the fluid. At timet’ >0, the plate is exponentially

accelerated with velocityU e®. The plate temperature is instantaneously elevated to
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T, +(T, —Tw)t—, for0<t'<t,, and thereafter T, whent’>t;. The concentration is raised to
0

C,, and maintained thereafter.

To idealize the mathematical model, we enforce the following constraints-

l. Except the variation in density in the buoyancy force term, all the fluid properties
are constant.

. Energy dissipation occurring from friction and Joule heating is negligible.

1.  Compared to applied magnetic field, induced magnetic field is negligible.

IV.  Flow is one- dimensional which is parallel to the plate.

V. The plate is electrically insulating.

VI.  Polarization voltage is negligible because no external electric field is applied.
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Figure 5.1: Flow configuration

We now consider a tri- rectangular Cartesian co-ordinate system (x’, Y, z’,t’) with X

axis vertically upwards along the plate, Y axis normal to the plate directed into the fluid

region, and Z axis along the width of the plate as displayed in Figl. Let g :(u',0,0) be the

fluid velocity and B =(0, B,,0)be the magnetic induction vector at the point (x',y’,z',t') in

the fluid.
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Equation (5.1) yields,

ou’

ox' (5.9)
ie,u'=u'(yt)

Equation (5.2) is trivially satisfied by B =(0, B,,0)

Equation (5.4) reduces to

’ 2,1 '
,{Z‘t‘ f+o}:—f ®_; p_pgf_aagu'nﬂgy“ i (5.10)

Equation (5.10) gives

ou'  op ., ou
=_F_ B2’ + = 5.11
Py = o PITOBU TG (5.11)
And
0--2 (5.12)
oy

Equation (5.12) shows that pressure near the plate and pressure far away from the
plate are the same along the normal to the plate.

For fluid region far away from the plate, equation (5.11) takes the form

0--L 1 g (5.19)
OX

Eliminating % from (5.11) and (5.13), we get,
X

' 2.1

ou uu
— 2.1
pg—(pw—p)g—aBou U TR

!

(5.14)

Now, (5.7) gives,
p.—p=p[B(T-T,)+B(C-C,)] (5.15)

Putting value of (5.15) in (5.14),
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Yo, p :p[ﬂ(T -T )+E(C—Cw)}g—aBgu'+yay,2 e
' 2,1 2,1 '
|e,6ul =gp8(T —TOO)+gﬁ(C—C°O)—GB"u ou_,

Equation (5.8) yields,

o _ T 160'TS &°T  pD,K; &C

C —=x +
p p at! 8y!2 3’(_ ay!2 CS ayIZ

Equation (5.6) becomes,

oC o°C
at' = DM W_FK(COO_C)

The relevant initial and boundary conditions are:

u'=0T=T,C=C_:Vy'>0;t'<0

u'=Ue",C=C,:y=0t>0

T =Tw+(TW—Tm):—:7=O;O<t’StO
0

T=T,:y=0t'>t,
u—-0T->T,C>C 1y >t >0

(5.16)

(5.17)

(5.18)

(5.19)

For the sake of normalization of the mathematical model of the problem, we introduce

the following non-dimensional quantities-

oy DK (C=C.) |\ _ x&’ WUy UEL o vB(T, T

- 1 = *. au - z
C,Co (T, T, )v 46T U, v v us

Gm:vgﬂ(CW—Cw) H:T—TOc b C-C, Pr:,UCp M_O‘BOZV v
LJO3 1 TW Too, CW_COO, K , 02 , DM
2
LSV

The non- dimensional governing equations are
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ou o4

E:§+Gr9+Gm¢—Mlu (520)
2 2
90_A00 b0 (5.21)
ot Proy oy
o4 1 0%
FT_—-Z7_K 5.22
A SC oy ¢ (5.22)

Subject to the initial and boundary conditions
u=0,0=0,¢=0:vVy>0;t<0
u=e",¢=1:y=0,t>0
ezé:y:0;0<tst1 (5.23)

0=1y=0;t>t
u—>06->0¢9—>0:y—>mw;t>0

5.3 Method of Solution

On taking Laplace transform of the equations (5.22), (5.21), and (5.20) respectively,

we get the following equations:

- 1d% _
Sh = — -K 5.24
vl (5.24)

2n 2
s§:Ad6+Dud¢; (5.25)

Pr dy dy

_ dm ~ —
SU=——+Grd +Gmg —M,0 (5.26)
Subject to the initial and boundary conditions:
y=0:¢§=zi(l—e’Stl),<3=1,lT=L

st S s—a (5.27)

y—>0:0 50,4 —>0T-0
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Solving equations from (5.24) to (5.26) subject to the conditions (5.27) and taking

inverse Laplace transform of the solutions, the expression for temperature fieldé,

concentration field ¢, and velocity field u are as follows:

b=y, (5.28)
6,+6,,—-06,,:ASc#Pr
_ 11 12 13 (529)
0,,+6,,—-06,,: ASc=Pr
Uy, +Uy, +U 5 +U, +U, ¢ Pr#A,Sc=1,Pr=ASc
Uy, +U,, +U, 5 +U,, +U, s :Pr=A,Sc=1
U=1<Us; +Uy, +Uys +Uy, +Uyg :Pr=A,Sc=1 (5.30)
Uy, +U,, +U,5+U, ,+U, s :Pr=A,Sc=1
Us, +Ug, +Ug s +Ug, +Ug s Pr#A,Sc#1Pr=ASc
5.4 Nusselt Number
The heat flux q” at the plate y’' = 0is obtained by Fourier’s law of conduction is given by
I a—q (531)
oy Ve
*T3
where &, =k + 16; ,:r‘” is the modified thermal conductivity.
K
Equation (5.31) yields
NU = —%} (5.32)
o |,
qv 3Ng'v

where Nu=— is called the Nusselt number which is

KU, (T,—T,)  x(4+3N)(T, T, )U,
concerned with the rate of heat transfer at the plate.
Equation (5.32) gives,

Nu,, + Nu, , — Nu, , : ASc = Pr
NUZ—{ 11 1,2 1,3 (5.33)

Nu,, + Nu,, —Nu, ; : ASc =Pr
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5.5 Sherwood Number

The mass flux M, at the plate y' =0 is specified by Fick’s law of diffusion is given by

oC
M,=-D, — (5.34)
) 8y :|y—0
Equation (5.34) gives
Sh= —%} (5.35)
o,
In (5.35), Sh= M, is called the Sherwood number which is associated with the
DuU,(C, -C..)
rate of mass transfer at the plate.
Equation (5.35) yields
Sh=-Q, (5.36)

5.6 Skin Friction

The viscous drag at the plate y' =0 is determined by Newton’s law of viscosity is given by

_ au }
T=—u— (5.37)
& |,
Equation (5.37) gives
au}
r=—-- (5.38)
],

In (5.38), 7 =—~

0

is called the skin friction or coefficient of friction which is associated

2

with the rate of momentum transfer at the plate.

Equation (5.38) yields,

138



Ty + T, + T, +7,+7,5Pr#A,Sc#1Pr=ASc
2-2,1 + TZ,Z + z-2'3 + 2-214 + T215 Pr = A, SC * 1
T=—Tg + T3, T35+ 75, 735 Pr#A,Sc=1 (5.39)

Ty +T,, + T, +7,,+7,5 Pr=A,Sc=1

Tgy+Tg,+ T3+ 75, + 755 Pr#A,SC#LPr=ASc

5.7 Results and Discussion

The effects of various flow parameters associated with the flow and transport
properties are examined by assigning some specific values. The results are demonstrated
from Figures 5.2 to 5.35.

Figures 5.2 to 5.4 display the variation of concentration field versus normal co-
ordinate y. Figure 5.2 admits that the concentration field keeps on increasing with time.
Figure 5.3 reveals that there is a comprehensive fall in the concentration field for increasing
chemical reaction parameter. A faster chemical reaction consumes chemical substances
present in the fluid rapidly and as a result concentration of the fluid declines. The behaviour
of concentration profiles for various fluids such as hydrogen (Sc=0.22), helium (Sc=0.30),
water vapour (Sc=0.60) and ammonia (Sc=0.78) are demonstrated in Figure 5.4. It suggests
that a higher Schmidt number lowers the concentration field. Thus higher mass diffusivity

hikes the concentration field.

Figures 5.5 to 5.10 illustrate the variation of temperature field versus normal co-
ordinate y. Figure 5.5 suggests that the temperature field escalates with time. Figure 5.6
shows that the temperature field upsurges with increment in chemical reaction parameter.
Increasing chemical reaction parameter upsurges collision between fluid molecules and as a
result temperature of fluid hikes. Figure 5.7 displays that increasing the Dufour number hikes
temperature field. An increment in the Dufour number indicates a comprehensive rise in
concentration gradient over temperature gradient. Hence, increasing concentration gradient
upsurges the temperature field. Figure 5.8 suggests that the temperature field elevates with
uplift in Schmidt number. Thus, the temperature field decreases with increasing mass
diffusivity. The temperature field decelerates with increasing radiation parameter as noticed
in Figure 5.9. It is in agreement with the fact that radiation tends to decline temperature. The
nature of temperature profiles for various fluids such as oxygen (Pr=0.60), air (Pr=0.71),

ammonia (Pr=1.38) etc. are demonstrated in Figure 5.10. It shows that the temperature field
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falls with ascending values of the Prandtl number. This informs that the temperature field

accelerates with higher thermal diffusivity.

Figures 5.11 to 5.20 depict the variation of velocity field versus normal co-ordinate y.
Figure 5.11 reveals that as time progresses, the velocity field increases. Figure 5.12 admits
that the velocity field declines considerably as the Dufour number rises. Consequently, a
large concentration gradient relative to the temperature gradient results in a dip in the velocity
field. Figure 5.13 shows that velocity reduces with increasing chemical reaction parameter.
This is because increasing chemical reaction parameter accelerates the process of collision
between fluid molecules and as a result, kinetic energy is lost. Velocity falls with increasing
magnetic parameter as noticed in Figure 5.14. Application of transverse magnetic field
produces a resistive force known as Lorentz force, which slows down fluid velocity. Figure
5.15 exhibits that increasing Schmidt number decrease velocity field. Thus, high mass
diffusivity escalates fluid velocity. Velocity field upsurges in a thin layer adjacent to the plate
and its nature take reverse turn outside the layer as thermal Grashof number upsurges as
demonstrated in Figure 5.16. So, thermal buoyancy force hikes velocity in a small layer
surrounding the plate but lowers velocity outside the layer. Velocity rises with increment in
solutal Grashof number as noticed in Figure 5.17. Thus, solutal buoyancy force upsurges
velocity. Hence higher mass diffusivity raises velocity field but increasing thermal
diffusivity reduces velocity. Increasing porosity parameter means the fluid gets more free
space to flow. As a result fluid velocity hikes. This phenomenon is reflected in Figure 5.18.
Increasing radiation parameter accelerates fluid velocity as observed in Figure 5.19. The
reason behind it is that when the radiation increases, chemical bonding between the fluid
molecules becomes weak so that velocity hikes. Figure 5.20 shows that ascending values of

Prandtl number uplift velocity. Thus, higher thermal diffusivity diminishes velocity.

Figures 5.21 and 5.22 demonstrate the variation of Sherwood number versus time t.
Sherwood number increases with increment in chemical reaction parameter as noticed in
Figure 5.11. From Figure 5.22, it is observed that increasing Schmidt number upsurges
Sherwood number. This result establishes the fact that higher mass diffusivity accelerates the

process of mass transfer from the plate to the fluid.

Figures 5.23 to 5.27 exhibit the variation of Nusselt number versus time t. Nusselt
number increases for a small time but decreases thereafter for increasing radiation parameter

as noticed in Figure 5.23. Thus, radiation increases the rate of heat transfer from the plate to
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the fluid for a small time and decreases afterward. Figure 5.24 shows that the Nusselt number
hikes for a small time but declines thereafter with ascending values of the Prandtl number.
So, higher thermal diffusivity lessens the rate of heat transfer for a small time but increases as
time progresses. From Figure 5.25 and Figure 5.27, it is observed that the Nusselt number
declines for a small time but upsurges thereafter with increment in Dufour number and
Schmidt number respectively. Figure 5.26 show that higher chemical reaction parameter
hikes Nusselt number. Increasing chemical reaction parameter suggests a hike in heat

generation. So, the process of heat transfer is accelerated.

Variations of skin friction versus time t are demonstrated from Figures 5.28 to 5.35.
Figure 5.28 admits that there is a comprehensive rise in skin friction as Dufour number hikes.
Thus, the concentration gradient generates more frictional resistance compared to the
temperature gradient. Skin friction uplifts with increment in thermal Grashof number as
noticed in Figure 5.29. Thus, thermal buoyancy force hikes frictional resistivity at the plate.
Skin friction hikes with an upsurge in both chemical reaction parameter and porosity
parameter as shown in Figure 5.30 and Figure 5.31 respectively. Figure 5.32 reveals that
increasing magnetic parameter raises skin friction. Hence Lorentz force accelerates frictional
resistivity of the plate. Higher Schmidt number hikes skin friction as displayed in Figure
5.33. Therefore, increasing mass diffusivity lowers the frictional resistance of the plate.
Figure 5.34 and Figure 5.35 give us an idea that enhancement in radiation parameter and

Prandtl number lowers skin friction.

Numerical values of Nusselt number Nu against different time t, Dufour number Du
and radiation parameter are analyzed in Table 5.1. It is observed that for a small time, the
Nusselt number decreases with increment in Dufour number but its behaviour reverses as
time progresses. An opposite behaviour is noticed for increasing radiation parameter. This
asserts that a high concentration gradient decelerates but radiation accelerates the process of
heat transfer from the plate to the fluid. This is in complete agreement with our results from
Figure 5.23 and Figure 5.25. Numerical values of skin friction 7 against different time t,
chemical reaction parameter K, radiation parameter N, Dufour number Du, thermal Grashof
number Gr and solutal Grashof number Gm are demonstrated in Table 5.2. It is noticed that
ascending values of time, chemical reaction parameter, Dufour number and thermal Grashof
number hike skin friction whereas ascending values of radiation parameter and solutal
Grashof number declines the value of skin friction. This is in accordance with our result from

Figure 5.30, Figure 5.28, Figure 5.29 and Figure 5.34 respectively.
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5.8 Comparison of Results

To check the validity of our result, we have compared one of our results with Seth et
al. (2016b) who considered the unsteady free convective MHD flow of a chemically reactive,
radiative flow past a moving vertical plate immersed in a porous medium. In absence of
Dufour and chemical reaction effects and for vanishing Schmidt number (i.e., Du=0, K=0

and Sc=0), expression of temperature field of the present problem is
0= 91,1

Figure 5.36 and Figure 5.37 display the temperature field versus normal co- ordinate y

for different t obtained by Seth et al. (2016b) and present author respectively. Both figures

uniquely expresses the fact that temperature field declines for ascending values of critical
time of rampedness. Hence, an excellent agreement of results between present author and
Seth et al. (2016b) is observed.

Table 5.3 display the variation of Sherwood number for different K, Sc and t obtained
by Asogwa et al. (2021), Seth et al. (2014), Kataria and Patel (2019) and present author
respectively. This table indicates that current study is in line with the results obtained by

these authors.
5.9 Conclusions

The prime purpose of the present work was to study exclusively the effects of
radiation, chemical reaction and Diffusion thermo effect of an unsteady MHD flow past a
moving vertical plate embedded in a porous medium with ramped temperature. The
behavioural study of flow and transport characteristics under the action of different
parameters was carried out with aid of graphs. The prominent outcomes of the present work

are as follows:

I.  Velocity field, concentration field, and temperature field accelerate with time.
ii.  Fluid gets thinner rapidly as chemical reaction parameter and Schmidt number hikes.
iii.  Radiation and Lorentz force resists fluid velocity.
iv.  Higher mass diffusivity results in a fall in Nusselt Number, Sherwood number, and
skin friction.

V. Radiation slows down rate of momentum transfer.
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The solution of the present work also validates with the previous result obtained by
Seth et al. (2016b), Asogwa et al. (2021), Seth et al. (2014) and Kataria and Patel (2019) in

particular case.
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Figure 5.4: Concentration field versus y for different Sc and t=1, K=0.22
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Figure 5.6: Temperature field versus y for different K
and t=0.8, Sc=0.22, N=4, Pr =0.71, Du=1, ¢,=0.5
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Figure 5.8: Temperature field versus y for different
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Figure 5.9: Temperature field versus y for different N
and t=1, Sc=0.22, K=0.5, Pr =0.71, Du=1, ¢,=0.5
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Figure 5.11: Velocity field versus y for different t and Sc=0.22, K=2,
N=5, Pr =0.71, Du=0.5, M=0.5, K*=1, Gr=1, Gm=10, a=1, #,=0.5
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Figure 5.12: Velocity field versus y for different Du and t=1, Sc=0.22,
K=2, N=5, Pr =0.71, M=0.5, K*=1, Gr=1, Gm=5, a=1, 7,=0.5
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Figure 5.13: Velocity field versus y for different K and t=1, Sc=0.22,
N=5, Pr =0.71, Du=0.5, M=0.5, K*=1, Gr=1, Gm=10, a=1, ,=0.5
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Figure 5.14: Velocity field versus y for different M and t=1, Sc=0.22,
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Figure 5.15: Velocity field versus y for different Sc and t=1, K=3,
N=5, Pr =0.71, Du=0.5, M=0.5, K*=1, Gr=1, Gm=10, a=1, #,=0.5
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Figure 5.16: Velocity field versus y for different Gr and t=1, Sc=0.22,
K=2, N=5, Pr =0.71, Du=0.5, M=0.5, K*=1, Gm=10, a=1, #,=0.5
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Figure 5.17: Velocity field versus y for different Gm and t=1, Sc=0.22,
K=2, N=5, Pr =0.71, Du=0.5, M=0.5, K*=1, Gr=1, a=1, 1,=0.5
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Figure 5.18: Velocity field versus y for different K* and t=1, Sc=0.22,
K=3, N=5, Pr =0.71, Du=0.5, M=0.5, Gr=1, Gm=20, a=1, 1,=0.5
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Figure 5.19: Velocity field versus y for different N and t=1, Sc=0.22,
K=3, Pr =0.71, Du=0.5, M=0.5, K*=1, Gr=1, Gm=5, a=1, #,=0.5
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Figure 5.20: Velocity field versus y for different Pr and t=1, Sc=0.22,
K=3, N=5, Du=0.5, M=0.5, K*=1, Gr=1, Gm=5, a=1, #,=0.5
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Figure 5.21: Sherwood number versus t for different K and Sc=0.22
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Figure 5.22: Sherwood number versus t for different Sc and K=1
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Figure 5.23: Nusselt number versus t for different N
and Sc=0.22, Pr=0.71, Du=0.5, K=0.5, #,=0.5
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Figure 5.24: Nusselt number versus t for different Pr
and Sc=0.22, N=3, Du=0.5, K=0.5, 7,=0.5
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Figure 5.25: Nusselt number versus t for different Du and
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Figure 5.26: Nusselt number versus t for different K
and Sc=0.22, N=5, Pr=0.71, Du=0.5, 7,=0.5
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Figure 5.27: Nusselt number versus t for different Sc
and N=5, Pr=0.71, Du=0.5, K=0.5, #,=0.5
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Figure 5.28: Skin friction versus t for different Du and Sc=0.22,
K=1, N=5, Pr=0.71, M=0.5, K*=5, Gr=1, Gm=5, a=1, #,=0.5
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Figure 5.29: Skin friction versus t for different Gr and Sc=0.22,
K=1, N=5, Pr=0.71, Du=0.5, M=0.5, K*=5, Gm=5, a=1, #,=0.5
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Figure 5.30: Skin friction versus t for different K and Sc=0.22,
N=5, Pr=0.71, Du=1, M=0.5, K*=3, Gr=1, Gm=5, a=1, ¢,=0.5
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Figure 5.31: Skin friction versus t for different K* and Sc=0.22,
K=1, N=3, Pr=0.71, Du=0.5, M=0.5, Gr=1, Gm=10, a=1, #,=0.5
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Figure 5.32: Skin friction versus t for different M and Sc=0.22,
K=2, N=2, Pr=0.71, Du=0.5, K*=1, Gr=1, Gm=1, a=1, #,=0.5
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Figure 5.33: Skin friction versus t for different Sc and K=2, N=3,
Pr=0.71, M=0.5, Du=0.5, K*=3, Gr=1, Gm=5, a=1, #,=0.5
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Figure 5.34: Skin friction versus t for different N and Sc=0.22,
K=1, Pr=0.71, M=0.5, Du=0.5, K*=5, Gr=5, Gm=10, a=1, ¢,=0.5
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Figure 5.35: Skin friction versus t for different Pr and Sc=0.22,
K=3, N=5, M=0.5, Du=0.1, K*=5, Gr=5, Gm=5, a=1, ¢,=0.5
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Figure 5.36: Scanned graph of temperature field versus y for different
¢, when t=1.2, N=2, Pr=0.71 drawn by Seth et al. (2016b)
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Figure 5.37: Temperature field versus y for different ¢, when
t=1.2, N=2, Pr=0.71, Sc=0, Du=0, K=0 drawn by present author

155



t |Du|N Nu
05]05|5]1.1016
051 |5|1.0184
05]15|5]0.9302
2 105]5]0.3564
2 |1 |5]0.3926
2 |15|5]0.4288
05]05|2]0.9218
0505310204
05]05|4]1.0730
2 105]2]0.3753
2 05| 3]0.3565
2 105]4]0.3552

Table 5.1: Computational values of Nusselt number for
various t, Du and N when Pr=0.71, Sc=0.22, K=0.5, #,=0.5

t |K|N|Du|Gr|Gm T
1 9.1499
15/1(5]|05| 1 | 1 |13.2425
2 20.4193
2 9.9629
1 [13(5[05]1 | 1 |11.2420
5 16.8475
2 9.7355
1 (1|5|05| 1| 1 | 9.1499
7 8.9585
1 10.1642
1 (1|52 | 1| 1 |14.2214
3 18.2786
1 9.1499
1 11(5{05| 3| 1 |21.4736
5 33.7974
1 | 9.1499
1 |1|5|05| 1| 3 | 7.9392
5 | 6.7286

Table 5.2: Computational values of skin friction for various t, K, N, Du,

Gr and Gm when Pr=0.71, Sc=0.22, a=1, M=0.5, K*=0.5, #,=0.5
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K |Sc |t Asogwa et. al Seth et. al Kataria and Patel Present study
(2021) (2014) (2019) (isothermal
(isothermal (isothermal (isothermal condition)
condition) condition) condition)
5 [0.66 |04 1.8320 1.8320 1.8320 1.8320
5.1(0.66 | 0.4 1.8493 1.8493 1.8493 1.8493
52 (0.66 | 0.4 1.8664 1.8664 1.8664 1.8664
5 (07 |04 1.8867 1.8867 1.8867 1.8867
5 (08 |04 2.0170 2.0170 2.0170 2.0170
5 (06605 1.8238 1.8238 1.8238 1.8238
5 [0.66 0.6 1.8201 1.8201 1.8201 1.8201
5 124104 25111 - - 25117
5 20104 3.1971 - - 3.1971

Table 5.3: Comparison of computational values of Sherwood number for various K, Sc and t
obtained by Asogwa et.al (2021), Seth et. Al (2014), Kataria and Patel (2019) and present author
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Nomenclature:
a: Surface acceleration parameter

B : Magnetic flux density

B, : Strength of the applied magnetic field (WEber)

m2

- . 1
C : Molar species concentration (";l—o)

3

: s J
C, : Specific heat at constant pressure (Kg—K)

C. : Concentration susceptibility

C.. : Concentration far away from the plate (m(’l)

‘m3
. i mol
C,,: Concentration at the plate (F)
. . .. m2
D,, : Mass diffusivity (T)
Du : Dufour number

g : Gravitation acceleration vector

g : Gravitational acceleration (g)

Gr : Thermal Grashof number
Gm : Solutal Grashof number

K; : Thermal diffusion ratio

K *: Porosity parameter

J : Current density vector ( 4 )

m2

K : Chemical reaction rate (m"l)

m2s
K : Chemical reaction parameter
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M : Magnetic parameter

N : Radiation parameter
p : Pressure (%)

Pr : Prandtl number

q : Fluid velocity vector

g, : Radiation heat flux vector

g, : Radiation heat flux (%)

Sc : Schmidt number

t' : Time (s)

t: Critical time for rampedness (s)

t, : Non- dimensional critical time for rampedness

T : Fluid temperature (K)
T, : Temperature at the plate (K)
T, : Undisturbed temperature (K)

m
S

u": X-component of fluid velocity ( )
. - m
U, : Plate velocity (;)
Greek Symbols:
- - . . Kg
- Coefficient of viscosity (E)
o : Electrical conductivity (%)
o : Stefan-Boltzmann constant (ﬁ)
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p - Fluid density (%)
: : Kg
p.. - Fluid density far away from the plate (ﬁ)
x : Thermal conductivity (%)
* . 1
x : Mean absorption constant (Z)

J: Volumetric coefficient of thermal expansion (%)

— . . . . 1

£ Volumetric coefficient of solutal expansion (K.mol)
s . . m?

v : Kinematic viscosity (T)

Subscripts:

w : Refers to physical quantity at the plate

oo: Refers to physical quantity far away from the plate
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(The functions are defined in Chapter I)
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CHAPTER VI

Thermal Diffusion Effect on Unsteady MHD Free Convective
Flow Past a Semi- Infinite Exponentially Accelerated Vertical

Plate in a Porous Medium

Published in Canadian Journal of Physics (Scopus, SCI), 100, 437-451, 2022.
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6.1 Introduction

Magnetohydrodynamics (MHD) is the branch of physics associated with the
interaction of electrically conducting fluids with a magnetic field. Plasmas, electrolytes,
liquid metals, saltwater are some common examples of such fluids. Renowned Swiss scientist
Hannes Alfven (1942) introduced the concept of MHD for which he received the Nobel Prize
in 1970. But, MHD is at present form due to significant contributions from other authors like
Cowling (1957), Shercliff (1965), Ferraro and Plumpton (1966), Roberts (1967), Crammer
and Pai (1973), Davidson (2001) etc. Engineering applications of MHD include motor,
dynamo, MHD generator, plasma confinement, cooling of liquid metals, nuclear reactors, etc.
applications of MHD in biological systems were studied by Rashidi et al. (2017). Farrokhi et
al. (2019) investigated biomedical applications of MHD. Besides these, MHD has vast
applications in astrophysics, geophysics, chemical sciences, nanotechnology, etc.

In a fluid mixture, density variation takes place due to changes in both species
concentration and fluid temperature. This variation develops buoyancy force which acts on
the fluid. The flow produced by this force is termed natural convection or free convection.
Asimoni et al. (2017) studied free convective viscous MHD flow past a vertical plate.
Bulinda et al. (2020) investigated the effect of MHD free convection over a vibrating bottom
surface with Hall current. Sravan Kumar et al. (2020) examined the behavior of Lorentz force
and viscous dissipation on unsteady nanofluid convection flow over an exponentially moving
vertical plate. Anwar et al. (2020) investigated combined effects of ramped wall temperature

and ramped wall velocity in a convective Maxwell fluid flow.

The method of heat transfer through electromagnetic waves is termed radiation.
Applications of radiative-convective heat transfer can be found in space technology,
industrial and environmental processes, climate engineering, the human body, etc. Orhan and
Ahmet (2008) studied the effect of radiation in MHD mixed convection flow about a
permeable vertical plate. Pattnaik et al. (2017) analyzed the effect of radiation in an MHD
flow in a porous medium past an exponentially accelerated inclined plate with variable
temperature. Ahmed and Dutta (2014) obtained an analytical solution of an MHD transient
flow problem past an infinite vertical plate with radiation and ramped wall temperature. Seth
et al. (2017) considered MHD double-diffusive natural convective flow over an exponentially
accelerated inclined plate. Seth and Sarkar (2015) investigated the impact of radiation,

chemical reaction, and Hall current in a free convective MHD flow past a moving vertical
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plate. Das et al. (2020) considered the combined effects of radiation and chemical reaction of
Casson fluid over a stretching sheet in a porous medium. Das et al. (2019) studied the
influence of rotational buoyancy force on a radiative convective MHD flow near a rotating
plate.

Medium containing pores or voids through which fluid passes through is called
porous medium. Wood, Rubber, Sponge are some common examples of a porous medium.
Fluid flow through a porous medium has significant application in combustion technology,
nuclear waste disposal, drying of biological materials, etc. Megahed (1984) obtained exact
solution of unsteady MHD flow through porous medium while Raghunath et al. (2020)
discussed unsteady MHD flow through a porous medium bounded by two vertical porous
plates. Acharya et al. (2014) studied unsteady convective MHD flow in porous medium past
a vertical porous plate with heat source and variable temperature. Sinha et al. (2017)
considered MHD free convective flow through a porous medium past a vertical plate with
ramped wall temperature. Venkateswarlu and Makinde (2018) studied MHD slip flow with

radiative heat and mass transfer over an inclined plate immersed in a porous medium.

The chemical reaction effect draws the attention of many researchers due to its great
practical significance in many technological, industrial and natural processes. Jonnadula et al.
(2015) observed the outcome of radiation and chemical reaction in an MHD flow over a
stretching surface. The chemical reaction effect in an MHD flow due to rotating disk in the
porous medium was studied by Hayat et al. (2017). Zigta (2019) observed the effects of
radiation, chemical reaction, and viscous dissipation in an unsteady MHD flow in a porous
medium. Seth and Sarkar (2015) investigated the impact of Hall current, chemical reaction,
and radiation in MHD free convective flow past a moving vertical plate. Eid and Makinde
(2018) studied the effect of solar radiation on a nanofluid flow in a porous medium with
chemically reactive species. Rajesh and Chamkha (2014) investigated the effects of radiation,

chemical reaction and ramped wall temperature in an unsteady two dimensional flow.

Heat absorption/ generation carry great importance in different free convective MHD
problems. Srinivasa and Eswara (2016) discussed the consequences of heat generation on an
MHD free convection flow from an isothermal cone. Rajput and Kumar (2017) studied the
heat absorption effect on an MHD flow over a plate with variable wall temperature.
Nandkeolyar and Das (2014) considered MHD free convection flow of heat-absorbing dusty

fluid past a flat plate with ramped wall temperature. Consequences of Hall current and heat
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absorption in an MHD flow past an oscillating vertical plate in a porous medium were studied
by Rajput and Kanaujia (2019). Nandkeolyar et al. (2013) obtained the exact solution of an
unsteady MHD free convection flow past a flat plate considering the heat absorption effect.

When both solutal and thermal convection simultaneously takes place in a fluid
mixture, then mass flux is produced by temperature gradient and concentration gradient.
Effect of mass flux under temperature gradient is termed as thermal diffusion effect or Soret
effect or Ludwing- Soret effect. Carl Ludwing observed and reported about this effect in
1856. Later, Charles Soret analyzed the effect in 1879. Ahmed (2012) discussed the
combined effects of Soret and radiation in a free convective MHD flow past an infinite
vertical plate. Oyekunle and Agunbiade (2020) studied MHD slip flow over permeable
vertical plate taking both Soret and Dufour effects into account. Sivaiah et al. (2012)
considered thermal diffusion and radiation effects on an MHD free convective flow past an
infinitely heated vertical plate in a porous medium. Effects of thermal diffusion and radiation
in a chemically reactive MHD flow past a vertical plate were discussed by Raju et al. (2019).
Mohanty et al. (2014) considered thermal diffusion, radiation, chemical reaction, and periodic
permeability in a three-dimensional MHD flow in a porous medium. Anil Kumar et al. (2021)
discussed how Soret, Dufour, Hall current, rotation, and radiation influence MHD free
convective flow past an accelerated vertical plate. Influences of radiation, thermal diffusion,
chemical reaction, and heat generation in an MHD flow over a vertical surface in a porous
medium were investigated by Lavanya and Kesavaiah (2014). Pal and Mondal (2012)
discussed Soret, Dufour, chemical reaction, and radiation effects in a mixed convection flow.
Raju et al. (2017) investigated thermal diffusion, radiation, heat absorption, and chemical

reaction effects in a mixed convective MHD flow.

The objective of the present investigation is to study and analyse the thermal diffusion
effect in a radiative, free convective, chemically reacting unsteady MHD flow past a semi-
infinite vertical plate embedded in a porous medium with heat absorption and arbitrary
ramped temperature. Equations governing the flow are converted to a set of non-dimensional
partial differential equations with the help of some dimensionless variables and parameters.
Solutions of these equations are obtained adopting a closed-form of Laplace transformation
technique. Effects of various flow parameters such as Prandtl number, Schmidt number, heat
absorption parameter, chemical reaction parameter, magnetic parameter, radiation parameter,
porosity parameter, Soret number, thermal Grashof number, and solutal Grashof number on

flow and transport characteristics are discussed graphically. Some results are compared with
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previously published work. The present paper will be useful in designing cooling systems,

flow meters, continuous casting of metals, MHD generators, etc. This paper will also help

scientists and researchers in the field of heat and mass transfer.

6.2 Mathematical Analysis

Governing equations of the convective flow of an incompressible, electrically

conducting, viscous, chemically reacting, heat-absorbing, and radiating fluid in a porous

medium in presence of a magnetic field having constant mass diffusivity and thermal

diffusivity considering thermal diffusion effect are

Continuity equation:

V-q=0
Magnetic field continuity equation:
V-B=0
Ohm’s Law:
J=o(E+axB)

Momentum equation:
P{—qu(a'%)a}:—?pth l§+p§+yvza—z_q;
Energy equation:

pcp[—+(a-ﬁ)T}=w2T ~V-q, +a(T,-T)
Species continuity equation:

oC

a_t_+(a.6)c =D, V)C+D,V*T+K(C, -C)

Equation of state as per Boussinesq approximation:
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(6.1)

(6.2)

(6.3)

(6.4)

(6.5)

(6.6)



p.=p[1+A(T-T,)+B(C-C,)] (6.7)

For optically thick and non-gray fluid, the radiation heat flux as per Rosseland approximation

is given by

— 46* — 4

=— VT

Qr 3

Now,
Té=(T-T,+T,) =4TT? 37" as|T - T, | <1
So,
*13
G 10T o
3k
Therefore, Energy equation (5) reduces to
o (= = o 160T?
pCp[E+<q-V)T}_KVT+TVT+a(Tw—T) (6.8)

We, now consider a transient MHD free convective flow of a viscous incompressible
electrically conducting fluid through a porous medium past a semi-infinite vertical plate in
presence of a uniform magnetic field applied normal to the plate, directed into the fluid
region. Initially, the plate and the surrounding fluid were at rest with uniform temperature T
and concentration C_at all points in the fluid. At timet >0, the plate is exponentially
accelerated with velocityU e . The plate temperature is instantly raised toT, +(TW —Tw)t—,

0

for0 <t <t,, and thereafter T,whent >t,. The concentration is raised to C, and maintained

thereafter.

To idealize the mathematical model of the problem, we impose the following

constraints-

l. All the fluid properties are constant except the variation in density in the

buoyancy force term.
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. Viscous dissipation, Joule heating and porous medium resistance are negligible as
velocity and velocity gradiant are small.

1. The induced magnetic field in comparison to the applied magnetic field is

negligible.

IV.  Flow is one- dimensional which is parallel to the plate.

V. The plate is electrically non-conducting.

VI.  No external electric field is applied for which the polarization voltage is
negligible.

O ofte 0
O

O <

Hine
B )

Ry e

© “> 0~ 0
- o () O~ Y
- C>QQQ%C>

>

Figure 6.1: Flow configuration

We now consider a tri- rectangular Cartesian co-ordinate system (X,y,Z,T)with X axis
vertically upwards along with the plate, Y axis normal to the plate directed into the fluid
region, and Z axis along the width of the plate as shown in Figure 6.1. Let a:(u',0,0)be the
fluid velocity and B =(0, B,,0)be the magnetic induction vector at the point (X,y,Z,T) in
the fluid.

Equation (6.1) yields,

ox (6.9)
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Equation (6.2) is trivially satisfied by B =(0, B,,0)

Equation (6.4) reduces to

’ 2,1 '
p[ali f+0}:—fa—p—j@—pgf—o-Bozu’H,u@ Uy (6.10)
ot X oy N K*

Equation (6.10) gives

ou'  op », o
=——— Bou'+ - 6.11
T g P9V tH—Z T (6.11)
And
op
0=-= (6.12)
oy

Equation (6.12) shows that pressure near the plate and pressure far away from the

plate are the same along the normal to the plate.

For fluid region far away from the plate, equation (6.11) takes the form

0=-L 5 g (6.13)
OoX
Eliminating 2—8 from (6.11) and (6.13), we get,
X
ou’ ) oru’ '
—=(p, - —oBju'+ - 6.14
= (p.—p)g-0oB; oK (6.14)
Now, (6.7) gives,
p.—p=p[B(T-T.)+B(C-C,)] (6.15)
Putting value of (6.15) in (6.14),
ou’ = ,, o
P =p|B(T-T,)+B(C-C.)|g-oBu +u 5 K-
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. ou — oBW' oA’ u’
Lo,—— = T—T C—C - 2 -
ie - 9B(T-T,)+98( .) ; VWZ o

(6.16)

Equation (6.8) yields,

2 *3 A2
S I L o O 61
ot oy’ 3k oy

Equation (6.6) becomes,

oC 0°C o°T

a—t_:DM _2+DT_2+K(C00_C) (618)
The relevant initial and boundary conditions are:
u'=0T=T,C=C_:vy=>0;t <0
u'=U,e*",C=C,:y=0,T>0
T:Tw+(TW—Tw)tt—:7:O;O<t_sto (6.19)
0
T=T,:y=0;T >t,
u—-0T->T,C>C_:y—oouwt>0

For the sake of normalization of the mathematical model of the problem, we introduce

the following non-dimensional quantities-

D, (T,-T ’ / >+ T T
Sr = T(W oo), — 1(753, _U ,y=$y,t= Ot,G :Vgﬂ(V; oo),a_afLZ’
(C,-C,)v 46T, U, % % Us Ug
c,-C - - C ;
o V95 . ) p T-T, §=CCo g #Co 0B s v 44
u? T,-T,”" C,-C, K 2 D,, 3N
2 2
av 1% U 1
Q=G k=g b= e Mi=M
The non- dimensional governing equations are
2
%“:%mrmemqﬁ—mlu (6.20)
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0 A& Q

=———-—90 6.21
ot Proy* Pr (6:21)
2 2
%:ia_ﬁgrg_w (6.22)
ot Scoy

Subject to the initial and boundary conditions
u=0,0=0,¢=0:Vy>0;t<0
u=e",¢=1:y=0,t>0
0:%:y=0;0<tst1 (6.23)

0=1y=0;t>t
uUu—>06->0¢9—>0:y>mw;t>0

6.3 Method of Solution

On taking Laplace transform of the equations (6.22), (6.21) and (6.20) respectively,

we get the following equations:

Sp = +Sr—0>-—Kg¢ 6.24
e ay’ &y’ ¢ (6.24)
-
sé:ﬁd f—gé (6.25)
Pr dy® Pr

_ dm ~ —

SU=—+Gré +Gmg —M,u (6.26)
Subject to the initial and boundary conditions:
y:O:é:Zi(l—e‘sﬁ),@:},li:—l

st S s—a (6.27)

y—>w0:0 50,4000

Solving equations from (6.24) to (6.26) subject to the conditions (6.27) and taking
inverse Laplace transform of the solutions, the expression for temperature fieldé,

concentration field ¢, and velocity field u are as follows:
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1
0 == Af, (6.28)
L

+@,,—¢,:ASC#Pr
_ ¢1,l ¢1,2 ¢1,3 (629)
¢2,1 + ¢2,2 _¢2,3 :ASc=Pr
U, —U, —Us—U ,+U:Pr#A,Sc=1Pr=ASc
Uyy —Uy, —Uyg—U,, +U,5 i Pr=A,Sc#1
U=1<Uy; —Uy, —Uyy—Uy, + U, i Pr#A,Sc=1 (6.30)
Uy, —Uy, —U,s—U,, +U,5 i Pr=A,Sc=1
Usy —Ug, —Us g —Ug, +Ug s Pr=A,Sc=1Pr=ASc
6.4 Nusselt Number
By Fourier’s law of conduction, the heat flux g~ at the plate y = 0is given by
* * T
q =-k, 8_} (6.31)
W 720
*3
Here, x, =k + 3 —= is modified thermal conductivity.
K
Equation (6.31) yields
Nu = —%} (6.32)
o ],
qv B qv B 3Ng'v

is termed as Nusselt

Here, Nu=— . -
e T 0, (T, —T) TR (T, T U, x(4+3N)(T,—T.)U,

number which is associated with the rate of heat transfer at the plate.

Equation (6.32) gives,
1
Nu =—=Ad, (6.33)
Y,
6.5 Sherwood Number

By Fick’s law of diffusion, the mass flux M, at the plate ¥ =0 is given by
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M. —-D, ﬁ} (6.34)
7=0

Equation (6.34) gives

Sh = —%} (6.35)

M,V

In (6.35), Sh=
" (6:35) D,U,(C,-C,)

is labeled as the Sherwood number which determines the

rate of mass transfer at the plate.

Equation (6.35) yields

Sh,; +Sh , —Sh ; :Pr = ASc
spo ) ot S, —Sh (6.36)
Sh,, +Sh,, - Sh, , :Pr=ASc
6.6 Skin Friction
By Newton’s law of viscosity, the viscous drag at the plate ¥ =0 is given by
_ au’}
T=—p— (6.37)
¥ Ji
Equation (6.37) gives
T= —a—u} (6.38)
Y |,

In (6.38), 7=—0o

2
0

is entitled as the skin friction or coefficient of friction which gives the

rate of momentum transfer at the plate.

Equation (6.38) yields,
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Ty~ Ty, T3~ Tyt g Pr=A,Sc#1,Pr=ASc
Tyy—Tpp —To3—Toys+Tys" Pr=A,Sc=#1
T=—Ty — T3, Ty T34 +Ty5.Pr#A,Sc=1 (6.39)

Ty~ T4y~ Ty~ T4y +7,5 - Pr=A,3c=1

Ts1—T52—T53—Ts4 T Ts5 - Pr=A,Sc#1Pr=ASc

6.7 Results and Discussion

To analyse the effects of the physical parameters involved in the flow and transport
characteristics, numerical calculations for temperature field, concentration field, velocity
field, skin friction, Nusselt number, Sherwood number at the plate are carried out by

assigning some specific values to the parameters and variables.
The numerically computed results are displayed from Figure 6.2 to Figure 6.26.

Figures 6.2 to 6.4 display the variation of temperature field versus normal co-ordinate
y. There is a comprehensive fall in the temperature field for increasing radiation parameter as
displayed in Figure 6.2. Thus, radiation tends to reduce fluid temperature. This is in
agreement with the result obtained by Nandkeolyar et al. (2013). Figure 6.3 depicts that
ascending values of the heat absorption parameter lessens temperature. From Figure 6.4, it is
observed that a higher Prandtl number declines fluid temperature. Thus, temperature hikes

with increasing thermal diffusivity.

Figures 6.5 to 6.8 show the variation of concentration field versus normal co-ordinate
y. The concentration field declines with enhancement in chemical reaction parameter as
depicted in Figure 6.5. Increasing chemical reaction devours chemical substances present in
the fluid rapidly and as a result fluid concentration gets reduced. Ascending values of
Schmidt number diminishes concentration field as noticed in Figure 6.6. Consequently,
higher mass diffusivity upsurges the concentration field. This is in line with the result
obtained by Seth and Sarkar (2015). Figure 6.7 admits that concentration hikes with growing
Soret number. Thus, the temperature gradient increases the concentration field more rapidly
compared to the concentration gradient. The concentration field escalates in a thin layer
adjacent to the plate but declines outside with increment in radiation parameter as noticed in
Figure 6.8. Thus, radiation hikes concentration in a small layer adjoining the plate but its

behaviour takes a reverse turn outside the layer.
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Figures 6.9 to 6.16 exhibit the variation of velocity field versus normal co-ordinate y.
Figure 6.9 reveals that velocity field declines for ascending values of radiation parameter.
Increasing radiation parameter decreases the fluid temperature and as a result, the flow
becomes slow. Higher magnetic parameter reduces fluid velocity as displayed in Figure 6.10.
The magnetic field, which is applied in the transverse direction to the flow, generates a
resistive force known as Lorentz force, which drops fluid velocity. This agrees the result
obtained by Sinha et al. (2017). Figure 6.11 asserts that there is a comprehensive fall in
velocity field as chemical reaction parameter hikes. Increasing chemical reaction parameter
enhances the process of collision between fluid molecules and as a result, kinetic energy is
lost. Subsequently, fluid velocity declines. Ascending values of Prandtl number diminishes
the velocity field as shown in Figure 6.12. Thus, higher thermal diffusivity hikes the velocity
field. Figure 6.13 admits that fluid velocity falls rapidly as Schmidt number hikes. Hence,
increment in mass diffusivity hikes velocity field. Growing porosity parameter means there is
more free space in the system for the fluid to flow. Accordingly, the velocity of the fluid
upsurges. This phenomenon is reflected in Figure 6.14. Ascending Soret number accelerates
fluid flow as noticed in Figure 6.15. An increment in Soret number suggests an extensive rise
in temperature gradient over the concentration gradient. . This gives us an idea that if the
temperature gradient is higher than the concentration gradient, then fluid motion is
accelerated. Increasing thermal Grashof number lifts velocity field as noticed in Figure 6.16.

Thus, thermal buoyancy force escalates fluid velocity.

Figures 6.17 and 6.18 depict the variation of Nusselt number versus time t. Nusselt
number hikes for ascending values of radiation parameter as noticed in Figure 6.17. Hence,
radiation amplifies the process of heat transfer from the plate to the fluid. Growing Prandtl
number hikes Nusselt number as shown in Figure 6.18. Thus, higher thermal diffusivity

declines the heat transfer process.

Figures 6.19 to 6.22 illustrate the variation of Sherwood number versus time t. There
is a comprehensive rise in Sherwood number for ascending values of chemical reaction
parameter as shown in Figure 6.19. From Figure 6.20, it is observed that the Sherwood
number lowers with rising values of the radiation parameter. Thus, radiation weakens the rate
of mass transfer from the plate to the fluid. Sherwood number declines substantially for
increasing values of Prandtl number as displayed in Figure 6.21. Hence, growing thermal

diffusivity accelerates the process of mass transfer. Increasing Soret number reduces
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Sherwood number as shown in Figure 6.22. So, a high concentration gradient compared to a

low-temperature gradient quickens the process of mass transfer.

Figures 6.23 to 6.26 illuminate the change in skin friction versus time t. Skin friction
upsurges for a small time but reverses its behaviour afterward with increasing values of
radiation parameters as observed in Figure 6.23. Increasing porosity parameter hikes skin
friction for a small time but reduces thereafter as noticed in Figure 6.24. Figure 6.25 asserts
that skin friction upsurges for a small time and reduces after that as Soret number hikes.
Thus, growing temperature gradient hikes frictional resistivity for small-time but reduces
afterward. Higher solutal Grashof number raises skin friction for small time but reverses its
behavior as noticed in Figure 6.26. Thus, solutal buoyancy force first increase frictional

resistivity for small time but decrease afterwards.
6.8 Comparison of Result

To check the accuracy of our result, we have compared one of our results with Seth et
al. (2016b) who considered the unsteady free convective MHD flow of a chemically reactive,
radiative flow past a moving vertical plate submerged in a porous medium. In absence of the

Soret effect (i.e., Sr=0), expression of concentration field of the present problem is
¢ =y,

Figure 6.27 and Figure 6.28 display the concentration field versus normal co-ordinate
y for different chemical reaction parameter obtained by Seth et al. (2016b) and present
authors respectively. Both figures uniquely express the fact that the concentration field
declines for ascending values of chemical reaction parameter. Hence, an excellent agreement

of results between the present authors and Seth et al. (2016b) is observed.
6.9 Conclusions

The purpose of the present work is to study exclusively the effects of radiation,
chemical reaction and thermal diffusion effect of an unsteady MHD flow past a moving
vertical plate immersed in a porous medium with ramped temperature. The study of flow and
transport characteristics under the action of different parameters was carried out with the help
of graphs. The leading outcomes of the present work are as follows:

I Radiation declines both temperature and velocity fields.

ii. Increasing heat absorption process lowers the fluid temperature.
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Higher chemical reaction reduces both concentration and velocity profiles.
Lorentz force decelerates fluid velocity but hikes skin friction.
Ascending Prandtl number upsurges Nusselt number but diminish Sherwood

number.
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Figure 6.2: Temperature field versus y for different N
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Figure 6.3: Temperature field versus y for different Q
and t=1, Pr =0.71, N=5, #,=0.5
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Figure 6.4: Temperature field versus y for different Pr
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Figure 6.5: Concentration field versus y for different K
and t=1, N=5, Pr=0.71, Sc=0.22, Sr=0.5, Q=0.5, #,=0.5
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Figure 6.6: Concentration field versus y for different Sc
and t=1, N=5, Pr=0.71, K=1, Sr=1, Q=0.5, ¢,=0.5
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Figure 6.7: Concentration field versus y for different Sr
and t=1, N=5, Pr=0.71, K=1, Sc=0.22, Q=0.5, #,=0.5
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Figure 6.8: Concentration field versus y for different N
and t=1, Pr=0.71, K=1, Sc=0.22, Sr=10, Q=0.5, #,=0.5
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Figure 6.9: Velocity field versus y for different N and t=1, Pr=0.71,
K=2, Sc=0.22, Sr=1, Q=5, M=1, K*=1, Gr=5, Gm=10, a=1, #,=0.5
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Figure 6.10: Velocity field versus y for different M and t=1, N=0.5,
Pr=0.71, K=5, S¢c=0.22, Sr=1, Q=5, K*=1, Gr=5, Gm=10, a=1, #,=0.5
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Figure 6.11: Velocity field versus y for different K and t=1, N=0.5,
Pr=0.71, Sc=0.22, Sr=1, Q=5, M=1, K*=1, Gr=5, Gm=10, a=1, 7,=0.5
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Figure 6.12: Velocity field versus y for different Pr and t=1, N=0.1,
K=2, Sc=0.22, Sr=1, Q=3, M=1, K*=1, Gr=30, Gm=10, a=1, ¢,=0.5

5

, N=5, Pr=0.71, K=2, Sr=1, O=5,

1
42 1, K*=1, Gr=5, Gm=20, a=1, t,=0.5

4l

35

3
Sc=0.22
= 257 Sc=0.25
2t Sc=0.30
15} Sc=0.35
1L
0.5
o A . . L ;
[ 1 2 3 4 5 6

Figure 6.13: Velocity field versus y for different Sc and t=1, N=5,
K=2, Pr=0.71, Sr=1, Q=5, M=1, K*=1, Gr=5, Gm=20, a=1, #,=0.5
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Figure 6.14: Velocity field versus y for different K* and t=1, N=0.5,
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Figure 6.15: Velocity field versus y for different Sr and t=1, N=0.5,
K=5, Pr=0.71, Sc=0.22, Q=5, M=1, K*=1, Gr=5, Gm=10, a=1, #,=0.5
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Figure 6.16: Velocity field versus y for different Sr and t=1, N=0.5, K=5,
Pr=0.71, Sc=0.22, Q=5, M=1, K*=1, Gr=5, Gm=10, a=1, #,=0.5
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Figure 6.18: Nusselt Number versus t for different Pr
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Figure 6.19: Sherwood Number versus t for different K
and N=5, Pr=0.71, Sc=0.22, Sr=0.1, Q=0.5, #,=0.5
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Figure 6.20: Sherwood Number versus t for different N
and Pr=0.71, K=1, Sc=0.22, Sr=1, 0=0.5, #,=0.5
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Figure 6.21: Sherwood Number versus t for different Pr
and N=1, K=1, Sc=0.22 Sr=0.5, Q=0.5, 7,=0.5
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Figure 6.22: Sherwood Number versus t for different Sr
and N=5, Pr=0.71, K=1, Sc=0.22, Q=0.5, #,=0.5
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Figure 6.23: Skin friction versus t for different N and Pr=0.71,
K=5.S¢=0.22. Sr=1. 0=2. M=1. K*=1. Gr=1. Gm=5. a=1. +.=0.5
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Figure 6.24: Skin friction versus t for different K* and N=1, Pr=0.71,
K=5, Sc=0.22, Sr=1, Q=2, M=1, Gr=1, Gm=5, a=1, #,=0.5
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Figure 6.25: Skin friction versus t for different Sr and N=1, Pr=0.71,
K=5, Sc=0.22, Q=2, M=1, K*=1, Gr=1, Gm=5, a=1, ¢,=0.5
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Figure 6.26: Skin friction versus t for different Gm and N=1,
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Figure 6.27: Scanned graph of concentration field versus y for
different K when t=1.2, Sc=0.6 drawn by Seth et al. (2016b)
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Figure 6.28: Concentration field versus y for different K
when t=1.2, Sc=0.6, Sr=0 drawn by author
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Nomenclature

a: Surface acceleration parameter

2
a*: Absorption coefficient (m—)

mol

B : Magnetic flux density

B, : Strength of the applied magnetic field (

m2

. . 1
C : Molar species concentration (Tn—(’s)

. e J
C,: Specific heat at constant pressure (Kg—K)

C., : Concentration far away from the plate (':l—(’l

0 3

C,: Concentration at the plate (m"l)

m3

D,, : Mass diffusivity (m;)

D; : Molar thermal diffusivity (—-—)

K.mol

g : Gravitation acceleration vector

g : Gravitational acceleration (g)
Gr : Thermal Grashof number
Gm : Solutal Grashof number

K; : Thermal diffusion ratio
K *: Porosity parameter
J : Current density vector ( 4 )

m2

K : Chemical reaction rate ("wl)

m2s
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K : Chemical reaction parameter
M : Magnetic parameter

N : Radiation parameter
] N
p : Pressure (ﬁ)
Pr : Prandtl number
Q : Heat absorption parameter
g : Fluid velocity vector

d, : Radiation heat flux vector

g, : Radiation heat flux (%)

Sc : Schmidt number

Sr : Soret number

t :Time (s)

t: Critical time for rampedness (s)

t,: Non- dimensional critical time for rampedness
T : Fluid temperature (K)

T, : Temperature at the plate (K)

T, : Undisturbed temperature (K)
m
N

u’: X-component of fluid velocity ( )

U, : Plate velocity (%)
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Greek Symbols:
o : Heat absorption rate (ﬁ)
n . Magnetic diffusivity (mTz)
- - - Kg
- Coefficient of viscosity (E)

o : Electrical conductivity( )

S
m

o : Stefan-Boltzmann constant (mZV K4)
- Fluid density (%)

. . Kg
p,. . Fluid density far away from the plate (ﬁ)

x : Thermal conductivity ( WK)

m.

x : Mean absorption constant (i)

£ Volumetric coefficient of thermal expansion (%)

B : Volumetric coefficient of solutal expansion (;)
K.mol
. . . m?
v : Kinematic viscosity (T)

Subscripts:

w : Refers to physical quantity at the plate

oo Refers to physical quantity far away from the plate
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0} :O(Ml,t),z'l’l’3 = alO(A7N7 + ASNS), N, =efa‘3tN6, Ne =N (Ml—ag,t),

Tyig = aﬂ(A‘,AN9 + A, AN, + A AN, + A12A01)a Ng =N (Ml —a4,t), N, = efa“tNg,

7y15 = a, (AANg + A, AN + AAN, + A AQ, ), 7, = a5 (AAZ, + AAQ, + AAD, ),

Z,=2 (aiyas’_awt)'rl,s =4, (A724 + ABQl)’Z4 =Z (SC' K’_aeit)’

T4 =8y (AAZ + AGAZ, + A + ALAD, ) 7, =8, (AAZ, + ALAZ + AQ, + AAD, ),

Toy = Tp11 +To10 FTp13+ To1s = Tp1s1To1y = Tiar o1 = QA0 Thy 5 =71 14,751 4 = Typ 4

7,15 =ay, (AANg + AAN; + AAQ, ), 7,, =a,A0,,0, =0(a,,t),7,; =715, 7,4 = 714,

7,5 =, (AAN,, + A AN, + AAO,), N,y =N (a, —a,,t),N;; =™ N,;,N;, =N (a,,t),

Ty =Ta11 T30, Ta13F T304 —Ta151T311 = T1110Ta12 = 1121 T313 = s N3,

T34 = Q4 (/—\iAN9 + AAN, + A3A01)173,1,5 =Ty T35 = T35 T35 = dsNi3, Ny =N (K,t),

Ty, = Q4 (AlAN15 +AAN ; + ABAOS), N, =N (K —a4,t), N, :efa“tNM,O?, =O(K,t),z'315 =Tys,
Tyr =Tya1+Ta1n T Taa+Tana—TarsrTars = ToansTans = Taaor Tans = Tana Tara = 87 (AN, +8,A0,),
Tyis = T4141T4p =To01Tas =T33:044 =8y (AN13 + asAOs),r‘L5 =a; (AN12 + aSAOz),

Toy =To11+Ts10F Ts13+ Ts1a — Ts1s P11 = Tiar Ts1o = a1 Ts1s = Tiias

714 = g (A7AN; + AAN; + AGAO, ), 75, o = ayg (AANg + AAN, + AAO, ), 7y, =7y, T3 = Ty,
T4 = 85 (A;AZ, + AgAQ, + AAD, ), 7o s = 85 (AAZ, + AAQ, + AAD,)

(The functions are defined in Chapter I)
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CHAPTER VII

Influence of Thermal Diffusion on Unsteady MHD Free
Convective, Chemically Reactive, and Radiating Flow Past a
Semi-Infinite Inclined Moving Plate in a Porous Medium with

Arbitrary Ramped Temperature
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7.1 Introduction

Magnetohydrodynamics (MHD) is a branch of physics that is concerned with the
interaction of the magnetic field with electrically conducting fluid. Some common examples
of this kind of fluids are plasmas, liquid metals (e.g. mercury), electrolytes, etc. The basic
principle behind MHD is that magnetic fields can induce a current in moving conducting
fluids which in turn polarizes the fluid and as a result changes the magnetic field. Renowned
Swiss scientist Hannes Alfven (1942) initiated the concept of MHD for which he received the
prestigious Nobel Prize in physics in 1970. But, MHD is at present form due to valuable
contributions from researchers like Cowling (1957), Shercliff (1965), Ferraro and Plumpton
(1966), Roberts (1967), Crammer and Pai (1973) etc. There are numerous applications of
MHD in present-day technologies. Many geophysical and astrophysical phenomena can be
elaborated by the MHD principle. Engineering applications of MHD include Dynamo, motor,
fusion reactors, dispersion of metals, metallurgy, MHD pumps, etc. Farrokhi et al. (2019)

studied biomedical applications of MHD.

Density variation in fluid mixture arises owing to changes in fluid temperature and
species concentration. This variation generates buoyancy force which acts on the fluid. The
flow produced by these forces is termed free convection or natural convection. Ullah et al.
(2021) studied two-dimensional unsteady MHD free convection flow over a vertical plate.
Abdullah (2018) considered free convection MHD flow past an accelerated vertical plate with
periodic temperature. Kumar and Singh (2013) studied unsteady MHD free convective flow

over an infinite vertical moving plate.

The process of heat transfer through electromagnetic waves is defined as radiation.
Radiative convective flow occurs in many environmental and industrial processes. This is the
reason behind many model researches by researchers on free convection with thermal
radiation under various physical and geometrical circumstances. Mbeldogu (2007) explored
unsteady free convection on a compressible fluid past a moving vertical plate with radiative
heat transfer. Orhan and Ahmet (2008) considered the effect of radiation on MHD mixed
convection flow about a permeable vertical plate. Prasad et al. (2006) studied transient
radiative free convection flow past an impulsively started vertical plate. Takhar et al. (1996)
explored radiation effects on MHD free convection flow of a radiating gas. Ghaly (2002)
studied radiation effects in certain MHD convection flows. Sheikholeslami et al. (2016)

explored free convection and thermal radiation effects on Al,O3-H,O nanofluid. Ali et al.
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(2013) considered radiation effects on MHD free convection flow along the vertical flat plate

with Joule heating and heat generation.

A medium containing holes or voids so that fluid can pass through it is termed a
porous medium. Sponge, wood, cork, etc. are some well-known examples of porous
materials. The concept of the porous medium is widely used in many disciplines of applied
science and chemistry such as filtration, solid mechanics, geomechanics, soil mechanics, bio
remediating construction engineering, material science, fuel cells, etc. Sharma and Gupta
(2018) studied the effect of radiation on MHD boundary layer flow along a stretching
cylinder in a porous medium. Raju and Varma (2011) considered unsteady MHD Couette
flow through a porous medium with periodic wall temperature. Pattnaik and Biswal (2015)
obtained an analytical solution of an MHD free convection flow through a porous medium
with time-dependent temperature and concentration. Sinha et al. (2017) explored MHD free
convection flow through a porous medium past a vertical plate with ramped wall temperature.
Basha and Nagarthna (2019) observed the process of heat and mass transfer on a free

convective MHD flow through a porous medium past an infinite vertical plate.

The chemical reaction effect has great practical importance in many heat and mass
transfer processes. Suresh et al (2019) studied the combined effects of chemical reaction and
radiation on MHD flow along a moving vertical porous plate with heat source and suction.
Rudraswamy and Gireesha (2014) explored the influences of both chemical reactions and
thermal radiation in an MHD boundary layer flow. Mohamed and Abo- Daheb (2009) studied
the effects of chemical reaction and heat generation in an MHD micropolar flow over a
vertically moving porous plate in a porous medium while Babu et al. (2013) extended this
work by considering viscous dissipation. Malathy et al (2017) considered both chemical
reaction and radiation effects on an Oldroyd- B fluid in a porous medium. Lavanya (2020)
examined the effects of chemical reaction, heat generation, and radiation on MHD convective
flow over a porous plate through a porous medium. Sumathi et al. (2017) numerically
investigated the effects of thermal radiation and chemical reaction on three-dimensional

MHD flow in a porous medium.

When both thermal and solutal convection occurs simultaneously in a fluid mixture,
then the relation between driving potential and flux becomes more complicated. The mass
flux is generated by both temperature gradient and concentration gradient. The effect of mass

flux under temperature gradient is termed the Soret effect or thermal diffusion effect. This
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effect appears due to the flow of fluid molecules from the hotter region to the cooler region.
This effect was first observed by Ludwing in 1859. But, the first experimental work was done
by Swiss chemist Charles Soret in 1879. This effect has many applications in different
chemical and physical processes, isotope separation, etc. Ahmed and Sarma (2021) studied
the thermal diffusion effect in an MHD free convective flow past an impulsively started semi-
infinite vertical plate considering parabolic ramped conditions. Ahmed (2012) considered the
combined effects of Soret and radiation in a free convective transient MHD flow past an
infinite vertical plate. Sivaiah et al. (2012) considered the combined effects of thermal
diffusion and radiation on unsteady MHD free convective flow past an infinite heated vertical
plate in a porous medium. Narahari et al (2021) explored the effects of Soret, heat generation,
and radiation in a free convective MHD flow past an infinite plate with oscillating

temperature in a porous medium.

The objective of the present investigation is to analyse the problem of a free
convective MHD flow past an exponentially accelerated inclined plate. Thermal radiation,
chemical reaction, ramped wall temperature and thermal diffusion effects are also considered.
The flow medium is taken to be porous. Reviewing the existing literature, we have not found
any work considering all these effects simultaneously. The equations governing the flow are
first normalized into non — dimensional equations and they are solved analytically using a
closed form of the Laplace transformation technique. The effects of different flow parameters
on the velocity field, temperature field, concentration field, Nusselt number, Sherwood
number, and skin friction are analysed and results are discussed with the assistance of graphs

and tables.
7.2 Mathematical Analysis

Consider convective flow of an incompressible, electrically conducting, viscous, and
radiating fluid in a porous medium in presence of a magnetic field having constant mass
diffusivity and thermal diffusivity past an inclined plate considering the thermal diffusion
effect with arbitrary ramped temperature past an infinite inclined plate. A uniform magnetic
field applied normally to the plate, directed into the fluid region. Initially, the plate and the

surrounding fluid were at rest with uniform temperature T_and concentration C_ at all points

in the fluid. At time >0, the plate is exponentially accelerated with velocityU e**. The
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plate temperature is instantly raised to T, +(T,, —Tw)t— , for0<T <t,, and thereafter T, when
t0

t >t,. The concentration is raised to C, and maintained thereafter.

To idealize the mathematical model of the problem, we impose the following

constraints-

l. All the fluid properties are constant except for the variation in density in the
buoyancy force term.

. Dissipation of energy due to friction and Joule heating is negligible.

1. The induced magnetic field in comparison to the applied magnetic field is
negligible.

IV.  Flow is one- dimensional and is parallel to the plate.

V. The plate is electrically non-conducting.

VI.  No external electric field is applied for which the polarization voltage is

negligible.

Figure 7.1: Flow Geometry

We now consider a tri- rectangular Cartesian co-ordinate system (Y, V,Z,t_) with X

axis vertically upwards along the plate, Y axis normal to the plate directed into the fluid

region, and Z axis along the width of the plate. Let q:(u',0,0) be the fluid velocity and

B =(0,B,,0)be the magnetic induction vector at the point (X,¥,Z,T) in the fluid. Let the
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plate is inclined to vertical direction by an angle y. With the above assumptions, the
governing equations for unsteady magnetohydrodynamic free convective flow of an viscous,
incompressible, electrically conducting, chemically reactive, radiative and optically thick
fluid past an inclined plate through a porous medium are given by

ou’ oBU o U

E:gﬁ(T—Tw)003y+gB(C—Cw)cos;/— p +V672 Vi (7.1)

oT 0T 160T20°T

C,—= +— 7.2

oot " T (72
2 2

@:DM%+DT8—T2+K(COO—C) (7.3)
ot oy oy

Here, we have used Rosseland approximation method for the radiation heat flux term

that appears in the energy equation.

The relevant initial and boundary conditions are:

u'=0,T=T,C=C_:Vy>0;t <0
u'=U.e*",C=C,:y=0t>0
T:Tw+(TW—Tw)tt—:7:0;0<t_£t0 (7.4)
0
T=T,:y=0;T >t,
u—->0T->T,C>C_:¥y—>owt>0

For the sake of normalization of the mathematical model of the problem, we introduce

the following non-dimensional quantities-

D, (T, -T ’ / )+ T T
Sr = (T °°),N= s -, U= = ,y=$7,t=u—°t,Gr=LM’a:a'_z'
(C,-C,)v 4cT; U, % % Us U,
c,-C - — C ;
szvgﬁ( ! 30)1 _T-T, ,¢:C C°°,Pr:'u p,M_GBo:,S =Y A=1 i,
U, T,-T, C,-C, K 0 M 3N
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The non- dimensional governing equations are

2
%u:%+6r0cos;/+6m¢cos7—'\/|1u

20_n o
ot Proy’
2 2
9_139 o 70\,
ot Scoy ay

Subject to the initial and boundary conditions
u=0,0=0,¢=0:Vy>0;t<0
u=e",¢=1:y=0,t>0
9:1: y=00<t<t

b

0=1:y=0;t>t
u—>06->0¢9—>0:y—>m0;t>0

7.3 Method of Solution

On taking Laplace transform of the equations (7.7), (7.6) and (7.5) respectively, we

get the following equations:

2—

u — —
+Gr cos y8 +Gmecos yp — M, u

sU =
dy?

Subject to the initial and boundary conditions:
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(7.6)

(7.7)

(7.8)

(7.9)

(7.10)

(7.11)



s—a (7.12)
y—>0:0 50,4 —>00-0

Solving equations from (7.9) to (7.11) subject to the conditions (7.12) and taking inverse
Laplace transform of the solutions, the expression for temperature field &, concentration field

¢, and velocity field u are as follows:

1
0==A 7.13
L A (7.13)

_ {¢1,1 + ¢1,2 - ¢1,3 :ASc #Pr (7.14)

$oy+ Py, — Py 5 ASC=Pr

Uy, —Up, —U 3 —U, +U g Pr#A,Sc=1Pr=ASc
Uyy —Up, —Upg — Uy, +U, s i Pr=A,Sc=1
U=qUg; —Usp, —Ugz—Uy, +Uy i Pr=A,SC=1 (7.15)
Uy, —Ug, —Ugg—U,,+U, s :Pr=ASc=1
Usy —Ug, —Ug s —Ug , +Ug s i Pr# A, Sc=1,Pr=ASc

7.4 Nusselt Number

By Fourier’s law of conduction, the heat flux q" at the plate )_/ =0is given by

q =« a—w (7.16)
y=0

*,

160°T?

3 is modified thermal conductivity.
K

Here, x, = x +
Equation (7.16) yields

Nu = —%} (7.17)
y=0

*

qv

———— is termed as Nusselt number which is associated with the rate of
K‘OUO(T —Tw)

Here, Nu =

w

heat transfer at the plate.
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Equation (7.17) gives,

Nu=-=Av, (7.18)

7.5 Sherwood Number

By Fick’s law of diffusion, the mass flux M, at the plate ¥ =0 is given by

oC
M,=-D, — (7.19)
).
Equation (7.19) gives
Sh= —%} (7.20)
o ],
In (7.20), Sh= M, is labelled as the Sherwood number which determines the

D.U,(C,-C,)

rate of mass transfer at the plate.

Equation (7.20) yields

Sh, +Sh, —Sh,, :Pr = ASc
she_ hy, +Shy, —Sh;, (7.21)
Sh,, +Sh, , —Sh, . : Pr=ASc
7.6 Skin Friction
By Newton’s law of viscosity, the viscous drag at the plate ¥ =0 is given by
T=—u a—u} (7.22)
o,
Equation (7.22) gives
7= —a—u} (7.23)
Y ],
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In (7.23), 7=

> is entitled as the skin friction or coefficient of friction which gives the

0

rate of momentum transfer at the plate.

Equation (7.23) yields,

Ty — Ty, — T3~ Ty, + 75 PrA,Sc=1Pr= ASc
Ty —Typ — T3~ Tyt 75 Pr=ASC=1
T=— Ty — T3, Ty~ Ta4+755:Pr#A,Sc=1 (7.24)

Tyy—Typ—Tu3— T4t 7,5 Pr=A,5c=1

T, —Ts, —Tg3—Tss +755-Pr#A,SC#1Pr=ASc

7.7 Results and Discussion

The effects of various flow parameters on flow and transport characteristics are

analyzed by assigning some specific values.

Figures 7.2 to 7.5 display the variation of concentration field versus normal co-
ordinate y. Figure 7.2 reveals that the concentration field keeps on decreasing with an
increment in the chemical reaction parameter. Increasing chemical reaction absorbs the
chemical substances present in the fluid quickly and as a result fluid concentration reduces.
Figure 7.3 admits that concentration hikes in a thin layer adjacent to the plate but its behavior
reverses outside the layer with ascending values of Prandtl number. This implies that higher
thermal diffusivity decreases the fluid concentration in a slim layer adjoining the plate but its
nature takes a reverse turn outside the layer. There is a comprehensive fall in fluid
concentration with increasing Schmidt number as displayed in Figure 7.4. Thus, greater mass
diffusivity hikes fluid concentration. Figure 7.5 suggests that ascending Soret number raises
the concentration field. As the Soret number is the ratio of temperature gradient to

concentration gradient, so rapid change in temperature hikes the concentration field speedily.

Figures 7.6 and 7.7 depict the variation of temperature field versus normal co-
ordinate y. Figure 7.6 suggests that the temperature field falls with increasing radiation
parameter. It establishes the fact that radiation tends to decline fluid temperature. The
temperature field declines with an uplift in the Prandtl number as displayed in Figure 7.7.

Thus, higher thermal diffusivity hikes fluid temperature.
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Figures 7.8 to 7.15 show the variation of velocity field versus normal co- ordinate y.
Figure 7.8 displays that increasing chemical reaction parameter decline fluid velocity. The
collision between fluid molecules increases as the chemical reaction parameter hikes. As a
result, Kinetic energy is lost and velocity decelerates. There is a comprehensive rise in
velocity field with increasing porosity parameter as shown in Figure 7.9. Ascending values of
the porosity parameter indicate that there is more free space in the medium for the fluid to
flow and accordingly, fluid velocity accelerates. Figure 7.10 admits that an increment in the
Schmidt number diminishes fluid velocity. Consequently, higher mass diffusivity hikes fluid
velocity. Growing Soret number escalates velocity field as noticed in Figure 7.11. This
implies that a high-temperature gradient compared to concentration gradient results in a hike
in the velocity field. Increasing thermal Grashof number lowers velocity as noticed in Figure
7.12. Thus high thermal diffusivity leads to a dip in the velocity field. Figure 7.13 displays
that ascending values of solutal Grashof number upsurges velocity field. This asserts to us
that rising solutal diffusivity upsurges fluid velocity. Figure 7.14 demonstrate that growing
magnetic parameter slow down fluid velocity. This is because the application of a transverse
magnetic field generates a resistive force known as Lorentz force, which declines fluid
velocity. Figure 7.15 displays that an increment in the angle of inclination diminishes

velocity at all points of the fluid.

Figures 7.16 and 7.17 demonstrate the variation of Nusselt number versus time t.
Nusselt number hikes with increment in radiation parameter as noticed in Figure 7.16. Thus,
radiation accelerates the process of heat transfer from the plate to the fluid. From Figure 7.17,
it is observed that increasing the Prandtl number lifts the Nusselt number. This result

establishes the fact that higher thermal diffusivity speed up the rate of heat transfer.

Figures 7.18 to 7.21 exhibit the variation of Sherwood number versus time t.
Sherwood number decreases with ascending radiation parameter as noticed in Figure 7.18.
This implies that radiation slows down the rate of mass transfer from the plate to the fluid.
Figure 7.19 reveals that the Sherwood number declines with an increment in the Prandtl
number. Thus, higher thermal diffusivity speeds up the rate of mass transfer time progresses.
Increasing chemical reaction parameter lifts Sherwood number as displayed in Figure 7.20. It
is noticed from Figure 7.21 that increasing Soret number declines the Sherwood number. This
result agrees with the fact that a high concentration gradient compared to a temperature

gradient accelerates the process of mass transfer from the plate to the fluid.

203



Numerical values of Skin friction T against different time t, radiation parameter N,
Soret number Sr and magnetic parameter M are demonstrated in Table 7.1. It is noticed that
skin friction upsurges as time progresses. Skin friction hikes as radiation parameter increases.
Thus, radiation accelerates the process of momentum transfer. Increasing Soret number hikes
skin friction. This is because a high-temperature gradient exerts more drag force. An
opposite behavior is noticed for increasing magnetic parameter. This asserts that Lorentz
force arising from the application of transverse magnetic field reduces the frictional

resistance of the plate.

Numerical values of skin friction 7 against different thermal Grashof number Gr,
solutal Grashof number Gm, porosity parameter K*, and angle of inclination y of the plate are
analyzed in Table 7.2. It is observed that increasing thermal Grashof number hikes skin
friction, but ascending solutal Grashof number lowers skin friction. Thus, thermal buoyancy
force accelerates the process of momentum transfer, whereas, solutal buoyancy force shows
its reverse character. Increasing porosity parameter hikes the viscous drag of the plate. The
increasing angle of inclination of the plate hikes skin friction. The more the plate is inclined

from the vertical, the more it experiences frictional resistance.
7.8 Conclusions

A study of unsteady free convective hydromagnetic flow with heat and mass transfer
of a viscous, incompressible, chemically reactive, electrically conducting, radiative and
optically thick fluid past an exponentially accelerated moving inclined plate with variable
ramped temperature embedded in a porous medium is carried out. The prominent outcomes

of our investigation are:

i The chemical reaction effect lowers the concentration field.
ii. Soret effect upsurges both concentration and velocity fields.
iii. Radiation tends to decline temperature field.

iv. Both Lorentz force and increasing angle of inclination slow down fluid velocity.

V. Ascending Prandtl number uplifts Nusselt number, but diminishes Sherwood
number.

Vi, Skin friction gets enhanced with increment in Soret number, porosity parameter,

and angle of inclination.
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Figure 7.3: Concentration field versus y for different Pr
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Figure 7.4: Concentration field versus y for different Sc
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Figure 7.9: Velocity field versus y for different K* and t=1, Sc=0.22,
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Figure 7.10: Velocity field versus y for different Sc and t=1, K=2,
N=1, Pr =7, Sr=1, M=1, K*=1, Gr=1, Gm=5, a=1, ,=0.5, y=30°
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Figure 7.11: Velocity field versus y for different Sr and t=1, Sc=0.22,
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Figure 7.13: Velocity field versus y for different Gm and t=1, Sc=0.22,
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Pr =7, Sr=1, M=1, K*=1, Gr=1,Gm=5, a=1, #,=0.5

Pr=0:71, t, =0.5

Figure 7.16: Nusselt number versus t for different N and Pr=0.71, t;=0.5
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Figure 7.17: Nusselt number versus t for different Pr and N=1, t;=0.5

| Pr=0.71, K=1, 5¢=0.22, Sr=1,1,=0.5 |
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Figure 7.18: Sherwood number versus t for different
N and Pr=0.71, K=1, Sc=0.22, Sr=1, #,=0.5

| N=1, K=1, 5¢=0.22, Sr=1,1,=0.5 |
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Figure 7.19: Sherwood number versus t for different
Prand N=1, K=1, Sc=0.22, Sr=1, £,=0.5
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Figure 7.20: Sherwood number versus t for different K
and N=1, Pr=0.71, Sc=0.22, Sr=1, #,=0.5
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Figure 7.21: Sherwood number versus t for different Sr
and N=1, Pr=0.71, K=1, Sc=0.22, #,=0.5
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t [ N|Sr| M T
4.0964
15| 1 1 1 | 45736
2 5.8117
1 4.0964
1 (15| 1 1 |4.8201
2 5.4763
3 6.5574
1 4.0964
1 1 15| 1 |45147
2 4,9385
3 5.7806
0.1 | 6.3056
1 5 0.5 | 4.6683
1 | 4.0964

Table 7.1: Computational values of skin friction for various t, N, Sr, and M
when Pr=7, S¢=0.22, K=2, a=1, K*=1, Gr=1, Gm=5, y=30°,7,=0.5

Gr|Gm|K*| vy T

5 1 |30°|4.0964
5.1495
6.2027
1 |30°]5.0143
4.5554
4.0964

30° | 4.0964
4.6683
5.6991
30° | 4.0964
45° | 4.2103
60° | 4.3588
90° | 4.7172

R O1WE

(S22 ANCORN )

RN

Table 7.2: Computational values of skin friction for various Gr, Gm, K*
and y when t=1, Pr=7, Sc=0.22, K=2, N=1, Sr=1, M=1, a=1, ¢,=0.5
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Nomenclature

a: Surface acceleration parameter

2
a™: Absorption coefficient (m )

mol

B : Magnetic flux density

B, : Strength of the applied magnetic field (Weber)

m2

- . 1
C : Molar species concentration (";1—03)

: s J
C, : Specific heat at constant pressure (Kg—K)

C., : Concentration far away from the plate (T:l—‘;l)

C,,: Concentration at the plate (Tn—?)

Dy, : Mass diffusivity (™)

D, : Molar thermal diffusivity (——)

K.mol

g : Gravitation acceleration vector

g : Gravitational acceleration (Sﬂz)
Gr : Thermal Grashof number
Gm : Solutal Grashof number

K *: Porosity parameter

J : Current density vector (%)

K : Chemical reaction rate ("wl)

m2s
K : Chemical reaction parameter
M : Magnetic parameter

N : Radiation parameter
p : Pressure (%)
Pr : Prandtl number
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q : Fluid velocity vector

g, - Radiation heat flux vector

g, : Radiation heat flux (%)

Sc : Schmidt number

Sr : Soret number

t : Time (s)

t: Critical time for rampedness (s)

t,: Non- dimensional critical time for rampedness
T, : Temperature at the plate (K)

T, : Undisturbed temperature (K)

m
N

u’: X-component of fluid velocity ( )
. H m
U, : Plate velocity (?)

Greek Symbols:

y - Angle of inclination to the vertical
: Coefficient of viscosit (K—g)
M y m.s

o : Electrical conductivity( )

S
m

o : Stefan-Boltzmann constant (mZV 1<4)
Bl o (Kg
p - Fluid density (ﬁ)

: Fluid density far away f the plate (=2
ol y y from the plate {—3
x : Thermal conductivity (m_K)

* - 1
x : Mean absorption constant (;)
p - Volumetric coefficient of thermal expansion ( )

1
K
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B Volumetric coefficient of solutal expansion ( : )
K.mol

m-

S

- - - - 2
v . Kinematic viscosity ( )

Subscripts:
w : Refers to physical quantity at the plate

oo: Refers to physical quantity far away from the plate
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Appendix

Pr SrSca, ScK 1
=" :/1 ) at = ’ = ’ = ) = S 1Ka 1t ’ ="
a A A (ai y )az tl(al—Sc) a, a —Sc ¢1,1 Vi W( c y ) A a,

A =-A¢, :az(AiAl//z +A2Al//1)"//2 :‘P(ch K, &, y’t)’¢1,3 :az(AiA'//3+A2AE1)’

SrSc
= \P(ai’o’aa’ yvt)’ E, = erfc(%}#’u =¢,.,8,= _Tl¢2,2 =a,Ay,, ¢, =3,AE,

M Grcos a
a; = a, 11 ae:ti(ai_:i/)’ul,l:u1,1,1+u1,1,2+u1,1,3+ul,1,4_u1,15' 111 h h _ethl
h=h(M,+a,y,t),A = 2,A4 A A =-— % Uy, =8 (AAh + A AN + AAT ),
ScK - M Gmecos
fy =h(M,,¥,8). 0, =h(M, +5,y.t) by =eh, 6 =1 (M, y.t). &, = 3, = 80_17,
1 a Gmcos
Aez_a_’A7=_'%’u1,1,3=a8(A6h7+A7h3)’h7=e 7th6'h6=h(M1_a‘7’y't)’a9=SC——]7./aQ’
7
1 1 1
= A = A, =———, Ahy + A Ah, + AL AR + ALAT
A8 (a3+a7)a7 A:) (a3_+_a7)a3 AlO a3a7 114 ail(A‘Q hg AlO A\.Ll h3 A12 )
a Gmcosya 1 1 1
h9=e3th8’h8=h(M+a3’y!t)’a10 7/ 2 A11 ’A12: 1A13:_’

(a5 —a,)a (a5-a5)a, 2,3,
115 alO(A&.lAr]l1+Aﬁ.2Ah9+A.3Ah3) hll_eastth’hIO_h(M +a‘5’yt)
U, =8 (AAY, + AAE, + AAL).w, =¥ (8,08, y,1), Uy, =, (Aws + Aw,),

ws =" (Sc,K,—a;, y,t),u, =a, (AAY, + AAy, + Ay, ),

u15:aﬂ.o(AnA‘//e+A&2A‘//3+A13AE1)"/’6 (a1 0,8, yt) =Upq T Uy FUy s+ U, — Uy g,
Gr cos 7/
Uppg =Uppgn @y =— M, Up1p = 83y Al,Upy g =Upyga Uy g = Upg oy s = 8, (AiAh + AAh )
1
Gmcosya
a, = _TZ g =8 A, Uy s = U5, Uy = Uy, Upg =8, (AiA Wit AZAEl)’
1
Gmcos y
Ugqg = Uy +Usg 5t Uz 5+ Ugyy —Usyg Uy = Uy, Ugp =Uppo,Usy 5 a12 3 Qg3 = ﬁ’
Gmcos ya
314 =ay, (AiAh + AzAh ) K——l2 ’ u3,1,5 = u1,1,5 ) U3 2 ul 21Uz 3 = 30,

Us, =28y, (AJ.A v, + AzA‘//l) Ugg = Uy Uyy =Uyqq FUy 5 HU 3+ U g —UggsiUggg = Uy,

U U U =y —a.Ah,a, = Gmcos ySr —a Ah,a, = Gmcos ySr
41,2 21277413 3,137 414 5 5 tiK(K 1)' 415 6—" 3! thMl '

Uy, =Ujy5,U, 3 =Us5,U =a;Ay;,U 45 alGAEl’ Usg =Ugyy tUs; 5 tUsy 3+ Usy y —Ugys,Ugyq = U,
_ Gmcos ySra
Usip =UpgpsUsy 3 =Upy5,Usy 4 =3y (AsAh + A7Ah3) a; = th '
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1
Us,5 =y (A14Ahu + A15Ah3)' A14 = g’ A15 = _A14 1Us o =Upp,Us 53 =Uy 5,
Us 4 =3y (ABAV/S + A7Al//1)’u5,5 =a; (A14A'//6 + AJ.SAEI)

v, =v(a,t),Sh, =0, 0, =Q(Sc,K,t),Sh, =a, (AAZ, + AAQ, ), Z, =Z(Sc, K, a,,t),

Sh,=a, (AlAZ2 + Aonzl),Z2 =7 (al,O,ag,t),ozl :0‘[%}%2,1 =Sh,;,Sh,, =a,AQ,,

Sh,, =a,A,Sh,, =8,AQ,Sh, , =a,A,

Ty =T+ T, T+ Tya—Tiasi Tias = Npy N, =€ N, N, =N (M, +a,t),

711, = 8 (AANg + A AN, + AAO, )N, = N (My,t),N, = N (M, +a,t),N; =e*N,,

O, =0(M,t), 7,5 =3, (AN; +AN;),N, =e*'N;,Ng =N (M, —a,,t),

71140 =8 (AAN; + AANg + AjAN, ), Ny = N (M, +a,,t), Ny =e*'N,,

T11s = 8o (AuAN,; + ALAN, + A AN, ), N, = €3N, N,o = N (M, +a;),

7, =8 (AAZ,+ AAay + AAY,), Z,=Z(a,,0,85,t),7,, =8, (AZ, + A, ). Z, =Z(Sc, K, —a,,t),
Ty1 = Tp11FTo10 F Toia+To1a = To1si Tons = Tiar Tonp = 1AL Thy s =713, 7004 = Tigan

71 = 8 (AAZ, + AAZ, + Ag ). 715 = B (ALAZ, + AAZ, + AN, ), Zs = Z (8,,0,3,,1),

Tyis =8y, (P&AN9 + AZAN3),Z'2'2 =AY Ty =T15,T54 =Ty 41705 = &y (AIAZ2 + AzAal),

Ta1 =Ta01 t 0310+ Ta05FTa14 —Ta15:Ta11 = T1110Ta1o = P1120 Tans = Qg Nas

T314 = Ay (A.I.ANQ + AzANs)'Ts,l,s =Ty15: T3y = T101 Tz = A3, Ty = Ay (AiAzl + AZAQ1)’

Tos =TisiTa1 = Tas1 FTa1o FTa13+Ta1a—Tarsr Tars = Taa1r1Taro = T1121Ta1s = Tangr Tara = AusANg,
Ty1s = QAN T, , =T,,,T45 = T35, T4y = QA , 7, = A A,

Tgy =Tg10 +Ts0p + T3+ Ts1a —Tons1Ts1 = Ti110Ts02 = L1121 T13 = Tt

510 =87 (AAN, + AAN,), 75, =a, (A AN, + AAN, ), 7, =7, 753 =Ty,

T5, =8y, (A%AZ4 + A7AQ1) 1 Ts5 = 87 (AMAZ5 + AiSAal)

(The functions are defined in Chapter 1)
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CHAPTER VIII

Induced Magnetic Field and Thermal Diffusion Effects on
Unsteady MHD Free Convective, Chemically Reactive and
Radiating Flow Past a Semi-Infinite Moving Vertical Plate with

Arbitrary Ramped Temperature
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8.1 Introduction

The branch of physical science which is associated with the interaction of electrically
conducting fluid with a magnetic field is called magnetohydrodynamics (MHD). Plasmas,
electrolytes, liquid metals (for example, mercury) are some well-known conducting fluids.
Interaction of a magnetic field with electrically conducting fluids generates current which
polarizes the fluid and subsequently it perturbs the magnetic field. Fundamental concepts of
MHD were given by Hannes Alfven (1942) and for that, he received the Nobel Prize in
physics in 1970. Cowling (1957), Roberts (1967), Shercliff (1965), Ferraro and Plumpton
(1966), Crammer and Pai (1973) are some pioneer researchers in the field of MHD.
Numerous modern-day technologies are based on the application of the MHD principle.
Liquid metal cooling of nuclear reactors, continuous casting process of metals, magnetic
behavior of plasmas in fusion reactors, principles of dynamo and motor etc. are some
common applications of MHD in engineering. Astrophysical applications of MHD include

solar wind, Sunspots, etc.

Difference in both fluid temperature and species concentration develops density
variation in the fluid mixture. This difference produces buoyancy force which acts on the
fluid. The flow generated by this force is called natural convection or free convection. Das et
al. (2012) studied free convection in an MHD Couette flow in presence of heat generation.
Agrawal et al. (1989) investigated the effects of free convection on an MHD flow past a
vibrating infinite vertical cylinder. Afsana et al. (2021) explored MHD-free convection of

power-law fluids.

Radiation is a powerful form of heat transfer as it does not necessarily need a material
medium for heat transfer, unlike conduction and convection. Many industrial and
environmental processes encounter convective flow with radiation. This persuades many
researchers to carry on model research on radiative free convection flow under different
physical and geometrical restrictions. Anwar et al. (2020) obtained exact solutions of
unsteady MHD radiative free convective flow. Goud et al. (2020) observed the influence of
MHD-free convection across a vertical surface in a porous medium with radiation. Ibrahim et
al. (2013) considered the effects of radiation on MHD-free convection flow of a micropolar
fluid.
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Many heat and mass transfer processes encounter chemical reactions. So, this effect
has great practical importance in many MHD flow investigations. Reddy et al. (2020)
examined how chemical reaction affects radiative MHD flow near the stagnation point.
Zhang et al. (2022) investigated the chemical reaction effect on Newtonian MHD flow on a
vertical plate immersed in a porous medium. Joshna et al. (2022) obtained an analytical
solution of chemically reactive MHD flow in a vertical surface filled with porous materials.
Narayana et al. (2022) investigated chemical reaction on MHD couple-stress nanoliquid flow.
Patil et al. (2022) studied thermally and chemically reactive MHD Maxwell nanofluid flow
past an inclined permeable stretching surface. Reddy et al. (2021) studied impact of chemical
reaction on free convective MHD flow through a porous medium. Sarma and Ahmed (2022b)
explored the combined effects of radiation, Dufour, and chemical reaction on a free
convective MHD flow past a vertical plate in a porous medium.

When both thermal and solutal convection occurs at the same time, then mass flux is
produced by both temperature gradient and concentration gradient. The effect of mass flux
occurring from temperature gradient is called the thermal diffusion effect or Soret effect. This
effect takes place due to the movement of fluid molecules from a hotter region to a cooler
region. Though this effect was first observed by Ludwing in 1859, but first experimental
research was carried out by Charles Soret in 1879. Many chemical and physical processes,
isotope separation processes, etc. are based on this effect. Sarma and Ahmed (2022a) studied
the thermal diffusion effect on unsteady MHD free convective flow past a semi-infinite
exponentially accelerated vertical plate submerged in a porous medium. Gulle and Kodi
(2022) explored the Soret effect on MHD Jeffery fluid past an inclined vertical plate in a
porous medium taking radiation and chemical reaction into account. Niranjan et al. (2017)
investigated the combined effects of radiation, chemical reaction, Soret, and Dufour on an
MHD mixed convection stagnation point flow. Jayakar et al. (2018) studied thermal diffusion
effect on chemically reacting MHD flow past an inclined plate in a slip flow regime.
Oyekunle and Agunbiade (2020) explored both Soret and Dufour effects with an inclined
magnetic field on unsteady MHD flow. Ahmed and Sarma (2021) studied thermal diffusion
effect on unsteady MHD free convective flow past a semi-infinite vertical plate with
parabolic ramped temperature.

In most works of MHD, the effect of the induced magnetic field is neglected on the
assumption that for many natural gases, electrical conductivity is very low and as a result, the

magnetic Reynolds number is very small. But, when a missile travels through the earth's
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atmosphere, a huge amount of heat is generated due to friction and it sometimes ionizes the
gas in the surrounding air near the stagnation point. This ionized gas in the stagnation region
is electrically conducting. When a magnetic field is applied in this region, an electromagnetic
force is induced in the air and consequently, it affects the motion. Acknowledging the
importance of induced hydromagnetic effects on flows of electrically conducting fluid, some
researchers carried out model research on the consequences of the induced magnetic field.
Goud et al. (2021) considered the induced magnetic field effect on MHD free convective
flow in conducting and non-conducting vertical microchannel walls. Jha and Aina (2016)
explored the role of an induced magnetic field on free convective MHD flow in a vertical
microchannel. Poddar et al. (2021) analysed the effect of magnetic field induction in a
radiating MHD flow. Sarveshanand and Singh (2015) examined the effects of the induced
magnetic field in a free convective MHD flow between two parallel plates.

The purpose of our current study is to analyse the combined impacts of induced
magnetic field and thermal diffusion on a free convective and chemically reactive MHD flow
past an exponentially accelerated flat vertical plate. The wall temperature is taken to be
ramped. Studying the available literature, we have not found any work considering the above
effects together. The governing equations are converted to non-dimensional equations with
the help of some non-dimensional variables and parameters. Then they are solved using a
closed form of the Laplace transform technique. Effects of various flow parameters on
velocity, temperature, concentration, Nusselt number, and Sherwood number are discussed
with the help of graphs. Variation of skin friction is demonstrated with the assistance of

tables.
8.2 Mathematical Analysis

The equations that govern the motion of an electrically conducting, radiative, and
chemically reacting fluid in the existence of a magnetic field with constant mass diffusivity

and constant thermal diffusivity taking Soret effect into account are

Equation of continuity (based on the law of conservation of mass and Newton's 2" law of

motion)

<l

Q0
I
o

(8.1)

Magnetic field continuity equation
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Ampere’s law
VxB = J
Momentum equation (based on the law of conservation of linear momentum)

pB—%(aﬁ)a}:ﬁpwagxmﬂvza

Energy equation (based on the law of conservation of energy)
0T (= 2\ | orr © =
C, {E+(q-v)T} = VT -V-q,
Species continuity equation (based on the law of conservation of species)
oC

= _ 2 2 W
E+(q-v)(:_DMv C+D,VT+K(C,-C)

Magnetic diffusion equation for small magnetic Reynolds number

- nV°B
a7

Equation of state
p.=p|1+B(T-T,)+B(C-C,)]

All the physical quantities are described in the list of symbols.

(8.2)

(8.3)

(8.4)

(8.5)

(8.6)

(8.7)

(8.8)

We, now consider a transient MHD free convective flow of a viscous incompressible

electrically conducting optically thick non-Gray fluid past a semi-infinite vertical plate in

presence of a uniform magnetic field applied in the transverse direction to the plate directed

into the fluid region. Initially, the plate and the neighbouring fluid were at rest with uniform

temperature T_and concentration C_at all points in the fluid. At timet >0, the plate is

accelerated exponentially with veIocityera’t'. The temperature of the plate is instantaneously
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lifted toT,_ +(T, —Tm)tt—, for0<T <t,, and thereafter T,whent >t,. The concentration is

0

elevated to C, and maintained thenceforth.

To idealize the mathematical design, the on-going analysis is confined to the

following limitations-

VI.
VII.

VIII.

Apart from density variation in buoyancy force, all other fluid properties are
assumed to be constant.

Viscous dissipations of energy are neglected.

The Magnetic Reynolds number is very small.

The plate is electrically insulating.

Radiation heat flux present in the direction of the plate velocity is negligible in
comparison to that in the normal direction.

Flow is parallel to the plate.

Polarization voltage is negligible as no external electric field is applied.

The chemical reaction is of the first order and homogeneous.

Fluid temperature and concentration do not depend on the distance parallel to the

surface.

[or | 45

Ry

~

|~

Figure 8.1: Flow diagram

We introduce a rectangular Cartesian co-ordinate system (X', y’,z',t") with X axis

vertically upwards, Y axis normal to the plate directed into the fluid region, Z axis along the
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width of the plate. Let a:(u’,0,0)be the fluid velocity, E:(BX',BO,O) be the magnetic

induction vector and g, =(0,q,,0) be the radiation heat flux at the point (X, y’,z',t')in the

fluid.

Equation (8.1) gives

Equation (8.2) gives

Equation (8.4) reduces to

o,
P ot

Equation (8.11) gives

and

ou'
ox’ (8.9)
ie,u =u'(y,t')
oB,
x (8.10)
ie,B, =B/ (Y.t)
4 2.1
jwi:_Wm_qap_pg+smaa@f+ﬂ.i%.f (8.11)
axl ayl ay! ay!
WP BB, O (8.12)
p 6t! aX! p 077 ayl ﬂ ayIZ )
0--P (8.13)
oy

Equation (8.13) confirms that pressure near the plate and pressure far away from the

plate is the same along the normal to the plate.

For fluid region far away from the plate, equation (8.12) takes the form

0=-L 5.9 (3.14)
OX
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Eliminating % from (8.12) and (8.14), we get
X
ou’ oB, o
P =(p.—pP)9+Byo 5 THoy (8.15)
Equation of state (8.8) gives
p.—p=p|B(T-T,)+B(C-C,)] (8.16)
Putting value of (8.16) in (8.15)
ou’ — oB, o
pyzp[ﬁ(T —Tw)+ﬂ(C—Cm)]g +Byo YAl
.o — Bno 6B, &%’
ie,—= T-T )+ C-C_ )+ =
6t’ gﬂ( 00) gﬂ( 00) p ay! v ayIZ
The radiation heat flux as per Rosseland approximation is given by
o =29 gy (8.17)
3k

Using (8.17), Energy equation (8.5) reduces to

2 *T3 A2
pc, L 0T 1601, 01 (8.18)
ot oy 3k oy

Species continuity equation (8.6) reduces to

oc . PC L T

E: DM W'FDT ,2+K(C00_C) (819)
Magnetic diffusion equation (8.7) becomes
oB,  o°B,
L= : 8.20
o oy (8.20)

The appropriate initial and boundary conditions are
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u'=0T=T,C=C,,B =0:Vy'>0;t'<0
u'=U,e*",C=C,,B, =H,:y'=0,t'>0

T=T,+(T, T)t— y'=0,0<T <t (8.21)

0

T=T,:y=0t'>t,

u—0T—>T,C—>C_,B —0:y >0;t'>0

For the sake of normalization of the mathematical model of the problem, we introduce

the following non-dimensional quantities-

D, (T, -T * ' ' 2! T -T
s Pr (T w)’N: o 3,UZU_J/:yUo’t:UOt ’Gr:vgﬂ( . w),
v(C,-C,) 46T} U, v v Ug
C,—-C - - C
o V9A( . ) pmo¥ g T-T §=C=Co oo g 0BV v
U, n T,—T. C.-C. K Y Dy
_ , ,
K=KV g B poHo yogy 4y JYob
U, H, B, 3N 1%
The non-dimensional non- dimensional governing equations are
2
Pm B, = 0 BZX (8.22)
o oy
2
prd0_n 20 623
ot oy
8¢ o ¢ SrSc——ScK¢ (8.24)
o oy* ay*
ou 0B, 82 (8.25)

Pm—=
ot

The initial and boundary conditions becomes

226



u=0,0=0,¢=0B,=0:Vy=0;t<0

u=e*,¢=1B,=1:y=0,t>0

e=tl:y=o;0<tst1 (8.26)
1

0=1:y=0;t>t

u—>060—-0¢—->0B, ->0:y—>0;t>0

8.3 Method of Solution

Taking Laplace transform of the equations from (8.22) to (8.25) and applying the
conditions (26), we get the following governing equations-

2_ —
d E’X =PmsB, (8.27)
dy
25 _
A—=Pr.sf (8.28)
dy
27 _ 2n
d Zj—Sc(K+s)¢:—SrScCI 20 (8.29)
dy dy
2_ — f— R f—
Pm d l: + PmGré@+PmGmg+ MI1 ddBX =Pm.su (8.30)
y
subject to the initial and boundary conditions
y=0:0=—=(1-¢%),§=2,0=——,B, ==
st S -a S (8.31)

S
y—>w0:0 >0,¢ —0,0->0,B, -0

Solving the equations from (8.27) to (8.30) subject to the conditions (8.31) and taking
inverse Laplace transform of the solutions, the expressions for the induced magnetic field B,,

temperature field 8, concentration field ¢, and velocity field u are as follows-

B, =E, (8.32)

0==AL (8.33)
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¢_¢_ ¢1,1+¢1,2_¢1,3:ASC¢Pr (8 34)
¢2,1 + ¢2,2 _¢2,3 : ASc =Pr
U, —U, —U 3 —U, +Ug+U 4 Pm=1Sc#1 Pr=ASc
Upy —U,, —Uyg — Uy, +U, 5 +U,; Pm=1,5c=1Pr=ASc
Ug; —Ug, —Ugg — Uy, +Ug + Uy Pm=1,Sc =1 Pr= ASc
u,,—u,,—U,,—Uu,,+U,+U,;Pm=1Sc=1Pr=ASc
U= 41 4,2 43 4,4 4,5 4,6 (835)
Uy —Ug, —Ug g —Ug , +Ug s +Ug o Pm=1,5c =1,Pr= ASc
Ugy —Ug, —Ugs —Ug, +Ugs +Ug o Pm=18c#1 Pr=ASc
U,y —U;, —U; g —U, . +U; 5 +U, s Pm=1,Sc=1Pr= ASc
Ug; —Ug, —Ugy —Ug, +Ugg +Ug; Pm=1,Sc=1Pr=ASc
8.4 Nusselt Number
The heat flux g~ at the plate y’ = 0is obtained by Fourier’s law of conduction is given by
e a—w (8.36)
oy yo
*T3
Where x, = x + 1630 ;r°° is the modified thermal conductivity.
K
Equation (8.36) yields
Nu = —@} (8.37)
o |,
Where Nu=— qv = 4v is called the Nusselt number which is
kU, (T, -T,) #A(T,—T,)U,
concerned with the rate of heat transfer at the plate.
Equation (8.37) gives,
1
Nu = —EAvl (8.38)

8.5 Sherwood Number

The mass flux M, at the plate y'=0 is specified by Fick’s law of diffusion is given by
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M. —-D, §} (8.39)
y'=0

Equation (8.39) gives

Sh— _%} (8.40)
o |,
In (8.40), Sh :VM—W is called the Sherwood number which is associated with the
DM (CW _Coo)

rate of mass transfer at the plate.

Equation (8.40) yields

Sh . +Sh , —Sh .:Pr = ASc
Shz—{ Sty =S (8.41)

Sh,, +Sh, , —Sh, ,;Pr = ASc

8.6 Skin Friction

The viscous drag at the plate y'=0 is determined by Newton’s law of viscosity is given by

T=—u 5—”} (8.42)
YN 1,
Equation (8.42) gives
7= _8_u} (8.43)
Y |,

In (8.43), 7=——

0

is called the skin friction or coefficient of friction which is associated

with the rate of momentum transfer at the plate.

Equation (8.43) yields,
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Ty~ Ty, — T3~ Tyt 05+ 76 PM#1,SC#1 Pr= ASc

Ty =Ty —Tp3—Tps+T,5+7,5;PM=135C=1Pr=ASc

Ty1—Tap —Tg3—Ta4 755+ 756 PM#1,SC=1Pr= ASc

o Tyy—Typ —Ty3—T4stT45+7,6 PM#1SC=LPr=ASc (8.44)
Ty —Tg, —Tg3— T4 T 755+ 756 PM=1,5SC =1,Pr= ASc

Tor —Tgp —Tos —Toa T Tos T Teer PM=1SC#1 Pr=ASc

Ty~ T, T73— Tr 4+t T,5+7,5,PM=#1,Sc=1Pr=ASc

Tg1—Tgp —Tg3—Tgs +Tg5+ 756 PM=15C=1Pr=ASc

8.7 Results and Discussion

The effects of various flow parameters on flow and transport characteristics are

analysed by assigning some specific values.

Figures 8.2 and 8.3 display the variation of induced magnetic field versus normal co-
ordinate y. Figure 8.2 shows that induced magnetic field hikes with time. Ascending values of
magnetic Prandtl number lowers induced magnetic field as noticed in Figure 8.3. Increasing
magnetic Prandtl number is equivalent to decreasing magnetic diffusivity and as a result

strength of magnetic field becomes weak.

Figures 8.4 and 8.5 demonstrate the variation of temperature field versus normal co-
ordinate y. Figure 8.4 suggests that the temperature field falls with increasing radiation
parameter. It establishes the fact that radiation has a tendency to decline fluid temperature.
Temperature field declines with an uplift in Prandtl number as displayed in Figure 8.5. Thus,
higher thermal diffusivity declines fluid temperature.

Figures 8.6 to 8.9 illustrate the variation of concentration field versus normal co-
ordinate y. Figure 8.6 reveals that fluid concentration declines as chemical reaction parameter
hikes. High chemical reaction consumes chemical stuff present in the fluid rapidly and hence
fluid concentration lowers. Figure 8.7 shows that fluid concentration rises in a thin layer
adjacent to the plate but its behaviour reverses outside the layer with growing values of
Prandtl number. This implies that higher thermal diffusivity leads to a decrease in the fluid
concentration in a slim layer adjoining the plate but its nature takes a reverse turn outside the
layer. With increasing Schmidt number, fluid concentration reduces as displayed in Figure
8.8. This agrees with the fact that greater mass diffusivity hikes fluid concentration. There is

a comprehensive rise in fluid concentration with a growing Soret number as depicted in
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Figure 8.9. In Soret effect, the concentration of the fluid is affected by temperature gradient.
So physically, a higher Soret number corresponds to a higher temperature gradient which

produces higher convective flow. As a result, fluid concentration gets enhanced.

Figures 8.10 to 8.19 demonstrate the variation of velocity field versus normal co-
ordinate y. Figure 8.10 reveals that enhancement in chemical reaction parameter decelerate
fluid velocity. Increasing chemical reaction parameter suggests that collision between fluid
molecules is also increasing. As a result, Kinetic energy is lost and velocity declines.
Velocity declines considerably with ascending values of Prandtl number as shown in Figure
8.11. This result agrees with the fact that velocity gets enhanced for high thermal diffusivity.
Figure 8.12 admits that velocity decreases in a small layer adjacent to the plate but its
behaviour reverses outside the layer with increasing Schmidt number. Thus the phenomena of
mass diffusivity first increase velocity in a slim layer along the plate but its nature takes a
reverse turn outside the layer. Figure 8.13 asserts that growing Soret number increases
velocity in a thin layer but decreases outside the layer. Thus, temperature gradient enhances
fluid velocity for a small layer only adjoining the plate. Increasing radiation lowers the
thickness of the momentum boundary layer which eventually leads to a dip in velocity.
Figure 8.14 suggests that radiation declines fluid velocity. Figure 8.15 displays that
increasing magnetic Prandtl number upsurges the velocity field. As magnetic Prandtl number
is the ratio of viscous diffusivity to magnetic diffusivity, so high magnetic diffusivity slows
down fluid velocity. It is demonstrated in Figure 8.16 that ascending values of magnetic
parameter reduce fluid velocity. The presence of a magnetic field in the transverse direction
of flow produces a resistive force called Lorentz force which diminishes fluid velocity. As T1
is the ratio of induced magnetic field strength to applied magnetic field strength, so if the
strength of the applied magnetic field is higher than that of the induced magnetic field, then
fluid velocity hikes considerably. This phenomenon is noticed in Figure 8.17 It is noticed
from Figure 8.18 and Figure 8.19 that increment in both thermal Grashof number and solutal
Grashof number hikes velocity field. Thus increasing thermal diffusivity and mass diffusivity

both lead to a dip in the velocity field.

Figures 8.20 and 8.21 demonstrate the variation of Nusselt number versus time t.
There is a comprehensive rise in the Nusselt number for increasing values of radiation
parameter as observed in Figure 8.20. Thus, heat transfer from the plate to the fluid get

enhances for high radiation. Figure 8.21 shows that increasing Prandtl number lifts Nusselt
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number. This result establishes the fact that higher thermal diffusivity slows down the rate of

heat transfer.

Figures 8.22 to 8.25 display the variation of Sherwood number versus time t. It is
observed from Figure 8.22 that the uplifting radian parameter diminishes Sherwood number.
This suggests that radiation decelerates the rate of mass transfer from the plate to the fluid.
Figure 8.23 shows that Sherwood number hike with ascending values of chemical reaction
parameter. This is because increasing chemical reaction parameter speed up the collision
between the molecules and as a result mass transfer rate from the plate to the fluid
accelerates. Increasing Prandtl number declines Sherwood number as noticed in Figure 8.24.
This result agrees with the fact that high thermal diffusivity enhances the rate of mass transfer
as time progresses. Figure 8.25 reveals that ascending values of Soret number diminish
Sherwood number to a great extent. This means that a high temperature gradient uplifts the

rate of mass transfer from the plate to the fluid.

Numerical values of Skin friction Tt against different time radiation parameter N,
Prandtl number Pr, Soret number Sr, Schmidt number Sc and radiation parameter K are
illustrated in Table 8.1. It is observed that skin friction declines with an increment in
radiation parameter. Thus, radiation slows down the process of momentum transfer from the
plate to the fluid. Upsurge in both Prandtl number and Soret number diminishes skin friction.
This asserts that high thermal diffusivity increases but a high temperature gradient declines
the process of momentum transfer from the plate to the fluid. An opposite nature is observed
for increasing chemical reaction parameter. Thus the high rate of collision between the

molecules reduces the momentum transfer rate.

Numerical values of skin friction z against different thermal Grashof number Gr,
solutal Grashof number Gm, magnetic Prandtl number Pm and magnetic parameter M are
analyzed in Table 8.2. It is observed that upsurge in both thermal Grashof number and solutal
Grashof number declines skin friction. This means that both thermal buoyancy force and
solutal buoyancy force slow down the process of momentum transfer from the plate to the
fluid. Ascending values of magnetic Prandtl number diminishes skin friction. So, high
magnetic diffusivity upsurges the momentum transfer rate. A reverse phenomenon is
observed for the magnetic parameter, i.e., increasing magnetic parameter hikes skin friction.
Lorentz force opposes the motion of flow by significantly exerting drag force. As a result

coefficient of friction hikes.
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8.8 Conclusion

The main motivation behind the present investigation is to study the effects of

induced magnetic field and thermal diffusion in a chemically reacting, free convective,

incompressible viscous and radiative, unsteady MHD flow past an exponentially accelerated

moving vertical plate. The wall temperature is taken to be ramped. A set of non- dimensional

variables and parameters is used to transform the governing equations to non- dimensional

differential equations and they are solved with the help of Laplace transformation technique.

The prominent outcomes of our investigation are:

Vi.

Vil.

The induced magnetic field gets lowered with ascending values of magnetic
Prandtl number.

The effect of chemical reaction declines both fluid velocity and concentration.
Themal diffusion effect upsurges fluid concentration.

Radiation has a tendency to decline both temperature and velocity fields.
Radiation hikes Nusselt number but lowers Sherwood number.

Increasing thermal diffusivity enhances both rate of momentum transfer and mass
transfer but decline rate of heat transfer from the plate to the fluid.

Lorentz force hinders the rate of momentum transfer.
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Figure 8.2: Induced magnetic field versus y for different t and Pm=1
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Figure 8.3: Induced magnetic field versus y for different Pm and t=1

1 T T T
|1z1, Pr=0.71,1,=0.5 |
09 1
08
07
o8 N=0.5
 05F N=1 1
04 N=2
sl N=5 |
0.2
01F 1
—
o :
0 1 b 3 4 5 6

V

Figure 8.4: Temperature field versus y for different N
and t=1, Pr=0.71, t;=0.5

234



1 T T T
t=1, N=S5, t =0.5
09 1
0.8 - 1
0.7 5
06 T
< 0.5 Pr=0.50 7
0.4 Pr=0.71
Pr=0.99
03 b
Pr=1.38
0.2 b
0.1 . 4
|
o . A . . \
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5

24

Figure 8.5: Temperature field versus y for different Pr
and t=1, N=5, t;=0.5

1 T T T T T T
ool | t=1, N=5, Pr=0.71, Sr=1, Sc=0.22, t,=0.5 |
08 b
0.7
06

K=0.5
=

0.5 K=1
04 K=2
03f K=3 g
0.2 B
01 1

o .

0 1 2 3 4 5 6 v

Vv
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and t=1, N=5, Pr =0.71, Sr=1, Sc=0.22, #,=0.5

1.5 T T T
t=1, N=35, Sr=10, Sc=0.22,
K=0.5, 1120.5
7 4
Pr=0.50
. Pr=0.71
Pr=0.99
0.5 Pr=1.38
0

Y
Figure 8.7: Concentration field versus y for different Pr
and t=1, N=5, Sr=10, Sc=0.22, K=0.5, 7,=0.5

235




1 : T : : T : -
- t=1, N=5, Pr=0.71, Sr=1, K=0.5, t,=0.5
08t
07t
06}
<05
. Sc=0.10
0.4 Sc=0.15
03f Sc=0.22
Sc=0.30
02}
01t
0 T
0 1 2 3 4 5 6 7 8 9 10
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Figure 8.10: Velocity field versus y for different K and t=1, N=1, Pr =0.71,
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Figure 8.11: Velocity field versus y for different Pr and t=1, N=2, Sr=0.5,
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Figure 8.13: Velocity field versus y for different Sr and t=1, N=1, Pr=0.71,
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237



t=1, Pr=0.71, Sr=0.5, Sc=0.22,
K=1, M=0.5, II=0.5, Gm=1,
Gr=10, Pm=0.5, a=1, tl=0.5

Figure 8.14: Velocity field versus y for different N and t=1, Pr=0.71, Sr=0.5,
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Figure 8.15: Velocity field versus y for different Pm and t=1, N=1, Pr=0.71,
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Figure 8.16: Velocity field versus y for different M and t=1, N=1, Pr=0.71,
Sr=0.5, Sc=0.22, K=1, I1= 0.5, Gm=10, Gr=5, Pm=0.5, a=1, ¢,=0.5
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Figure 8.17: Velocity field versus y for different IT and t=1, N=1, Pr=0.71,
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Figure 8.18: Velocity field versus y for different Gr and t=1, N=1, Pr=0.71,
Sr=0.5, Sc=0.22, K=1, M=0.5, TT1=0.5, Gm=5, Pm=0.5, a=1, #,=0.5
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Figure 8.19: Velocity field versus y for different Gm and t=1, N=1, Pr=0.71,
Sr=0.5, Sc=0.22, K=1, M=0.5, I1=0.5, Gr=5, Pm=0.5, a=1, 7,=0.5
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Figure 8.25: Sherwood Number versus t for different Sr
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N Pr Sr Sc K T
1 1.6651
2 0.71 1 0.22 1 1.6113
3 1.5648
5 1.5033
0.60 1.6733
1 0.71 1 0.22 1 1.6651
0.99 1.6123
1.38 1.4715
0.5 1.7012
1 0.71 1 0.22 1 1.6651
2 1.5929
5 1.3763
0.10 1.4222
1 0.71 1 0.15 1 1.5606
0.22 1.6651
0.25 1.6959
0.5 1.5113
1 0.71 1 0.22 1 1.6651
2 1.7542

Table 8.1: Computational values of skin friction for various N, Pr, Sr, Sc
and K when t=1, Gr=1, Gm=1, Pm=0.5, I1=0.5, M=0.5, a=1, 7,=0.5

Gr Gm Pm M T
0.5 1.9785
1 1 0.5 0.5 1.6651
2 1.0383
3 0.4115
0.5 2.0501
1 1 0.5 0.5 1.6651
2 0.8950
3 0.1250
0.5 1.6651
1 1 1.5 0.5 1.5498
3 1.5108
5 1.4925
0.5 1.6651
1 1 0.5 1 1.8722
3 2.7066
5 3.5291

Table 8.2: Computational values of skin friction for various Gr, Gm, Pm and
M when t=1, N=1, Pr=0.71, I1=0.5, Sr=1, Sc=0.22, K=1, a=1, #,=0.5
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Nomenclature
a: Surface acceleration parameter
a™: Absorption coefficient

B : Magnetic flux density

B

o

B! : Induced magnetic field

C : Molar species concentration

C_: Specific heat at constant pressure

C._, : Concentration far away from the plate

C,,: Concentration at the plate
D,, : Mass diffusivity
D; : Molar thermal diffusivity

H, : Induced magnetic field

J :Current density vector

g : Gravitation acceleration vector
g : Gravitational acceleration

Gr : Thermal Grashof number

Gm : Solutal Grashof number

J : Current density vector

K : Chemical reaction rate

K : Chemical reaction parameter
M : Magnetic parameter

N : Radiation parameter

p : Pressure

: Strength of the applied magnetic field
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Pr : Prandtl number

Pm : Magnetic Prandtl number

q : Fluid velocity vector

g, : Radiation heat flux vector

g, : Radiation heat flux

Sc : Schmidt number

Sr : Soret number

t :Time

t : Critical time for rampedness

t,: Non- dimensional critical time for rampedness
T, : Temperature at the plate

T, : Undisturbed temperature

u’: X-component of fluid velocity
U, : Plate velocity

Greek Symbols:

n : Magnetic diffusivity

4, Magnetic permeability

u . Coefficient of viscosity

o : Electrical conductivity

o : Stefan-Boltzmann constant

p - Fluid density
o, - Fluid density far away from the plate

x : Thermal conductivity

x . Mean absorption constant
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S Volumetric coefficient of thermal expansion

B : Volumetric coefficient of solutal expansion
v . Kinematic viscosity

Subscripts:
w : Refers to physical quantity at the plate

oo Refers to physical quantity far away from the plate
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u

u 5

Usg =Ug11 tUggp FUgs3+Ugy g =Ugys —Ugy6,Ugs =UpggsUgao =UggoiUgyz =Upga:Ugy s =Ugy g,
u

Uzg =Ugqq FUggp HUp 3 +Ugy g —Ups —Ugy 6 Uggg =UpggsUpgp =UggoiUzgs =Ugya,Uzg g =Usg g,
u

715 =Ug15:Uz16 =Upg61U7p =Uyo Uy 5 =Uy5,Up y =Ug Uy 5 =Uy5,U; 6 =Uyg,
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Ugqy =Ugyy+Ugy5tUgy3FUgy s —Ugy 5 —Ugq g Ugyq =Upyq,Ugyy =UsyyUgyg =UsygiUgg g =Uy g4,

Ugys =Us1s,Ugys =Uppg,Ugp =Us o, Ug =Uy g, Ug g = Uy 4, Ug s =Uy o, Ug g =Uy g

v, =v(a,t),Sh, =0, Q, =Q(Sc,K,t),Sh, =a,(AAQ, + AAZ,),Z, =Z(Sc,K, y,t),
Sh,=a,(AAa, +AAZ,),a, =« 2—\/\};'[_ .Z,=72(a,,0,a,1),Sh,, =Sh,,,

Sh,, =a;,AQ,, Sh, , =a;Aa,

Ty =Tyt 700 T Tas T Taaa — Tias — Traer Faan = Ny Ny = e N,,N;, =N (a,t) \Tiyo = AL,
1 -a
G =¢(Lt),m=a,(Aay +AN,), Za(z—\/t—j, N, =e™'N;, N, =N (-a,,t),

Ty14 =8y (AsAaa + A;ANg + A7AN4)’ Ng = e® Ng,N; =N (a37t)’rl,l,5 =ay, (AaAaz +AAW, + AaANe)’
W, =W (t)1Tl,l,6 =R, R = R(lit)171,2 =a,AL,, ¢, = é/(\/avt)vrl,a =3, (A3Q1 + A423)’

Z,=7 (SC, K,—a7,t),z'l’4 =a,, (ASAQl +AAZ, + A,AZ3),2'1’5 = aﬁ(ABAO{2 +AAv, + AaAzz),

7,6 =8R,,R, =R (M1t) 1001 = To0a T 7010 T 0013 T 7214 = %215 ~Ton6r 211 = P11 212 = Fu12:
To13 = T113 To14 = D114 Tons = 110 Tone = Qola1Top = T100To3 = T30 Tos = T1 1 Tos = Tis1 006 = Loa60
T31 = T311 T 7312 T 7313+ 7314 —Ta15 ~ Ta160 Faa1 = f1110 Pa12 = P1120 Ta13 = Hi3as

T314 = a13(A1Aa3 + AzANe)vfa,l,s =T1151 %316 — KRy, T30 =010 T33 = a;;N,, N, =N (K’t)’

T34 =83 (AiAQl + AZAzl) 1 Tas = Tysi T3 = KRy Ty = Ty00 T4, +T413+Ta10 —Tazs — Taner

T411 = 1210 Ta12 = T2120Ta13 = 1130 Tans = Ay (AaAas +AAN, ) Tans = sAWL, Ty 6 =T1 46,

Tyo =T101T43 = T13: 744 = Sy (ASAQl + A\SAZS) 1045 = T4151Ta2 = T12:T46 = 10

Ts1 =Ts511 T 7522 T 7513 U514 —Ts15 ~ Ts161F511 = f1111 P51,2 = P1120 F513 = 731,31 514 — Fa1a

Ts15 = T1151 %516 = C2160 852 = C121753 = 1331754 = 7341755 = 151756 = Lo

To1 = To11 T To12 T T613 T T614 ~To15 To160 P01 — f1110 P612 — fa12T613 = F1131 %614 = Fasar

To15 = 1415 %616 = C216' 762 = C421T63 = 1131764 = Ta41T65 = Tas1l66 = T2

T = 000t 0702 Y03 Y 0704 = Tra5 ~T7060 D00 = D100 Tra2 = Can20T703 = 3131 P74 = T340

T715 = U415 T716 = T7160 772 = Tu 20173 = 0230074 = 174075 = Tys1 076 = D60

Tg1 = Tg11 T 78121 Tg13 T 7814 ~Te1s ~Toa6r P11 = 1110 P82 = 812 P83 = P313: P14 — L7147

Tg15 = Ts151 7816 — 2161782 — Ts21%83 = 331784 = T7,41Tg5 = T351786 = 26

(The functions are defined in Chapter I)
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FUTURE SCOPE

The equations governing the flow problems of the proposed thesis are solved using
Laplace transform technique. The problems are idealized by imposing some realistic
constraints (e.g., viscous dissipation, Joule heating, effect of suction, etc. are neglected for
mathematical simplicity). The problems may be re- investigated by removing or reducing
number of constraints. In this context, some numerical and computational techniques like

Runge- Kutta method, shooting method, Crank- Nicolson method etc. may be suggested.
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The present investigation aims to find an exact solution to the problem of a free convective, viscous,
radiating, chemically reacting, optically thick, non-gray, and incompressible MHD flow past an
exponentially accelerated semi.infinite vertical plate inpr eofa se magnetic field.
The medium of flow is po Arbitrary ramped temperature and diffusion thermo effects are also
considered. Rosseland approximation method is used to describe the flux that appears in the energy
equation. The effects of different parameters on flow and transport characteristics are discussed
with the help of suitable graphs. It is noticed that velocity field and concentration field decreases
but temperature field increases with an upsurge in Schmidt number. Also, Nusselt number and
skin friction rise with increasing chemical reaction parameter but lowers with increasing radiation

eter. Fasterc ption of chemical substances decelerates both concentration and velocity
but accelerates temperature of the fluid. An interesting cutcome outcome of our investigation is that
baoth Dufour effect and arbitrary ramped temperature diminishes fluid velocity.
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Abstract

The purpose of the present study is to analyze the
problem of a free convective MHD flow of in-
compressible, electrically conducting, and viscous fluid
past an impulsively started semi-infinite moving ver-
tical plate. The fluid is considered to be non-gray and
optically thick. The parabolic ramped temperature of
the plate and thermodiffusion effect are also taken into
account. A magnetic field having uniform strength is
applied in the transverse direction to the fluid velocity.
Solutions of dimensionless governing partial differ-
ential equations are attained on the adoption of the
closed-form Laplace transformation technique. Effects
of different flow parameters on the welocity field,
temperature field, concentration field, Nusselt number,
skin friction, and Sherwood MNumber are discussed
graphically. It is noticed that fluid conceniration,
temperature, and velocity decline considerably for as-
cending values of Prandt]l Number. Increasing Ramped
parameter hikes the Musselt number and Sherwood
Mumber but declines skin friction.

KEYWORDS
Free comvection, MHID, non-gray Auid, eptcally thick, radiation,
Boseland approximation, Soret effect
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flow past a semi-infinite exponentially accelerated
vertical plate in a porous medium
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Abstract
The objective of the present work was to obtain an exact solution to lhepmblan ofafmcmveruve, radiative, viscous,
chemically reacting, heat-absorbing, in s ible, and dy mag | flow past an exponentially acceler-

altdmavmgvrmalphteembeddedin;pomusmednmmnmdwmammedmbeopcianylhtkandnmmy A magnetic
field was applied in the transverse direction of the flow. Effects of arbitrary ramped temperature and thermal diffusion were
also considered. The Rosseland approximation method was used to describe the radiative heat flux that appears in the en-
ergy equation. Analytical solutions of the nondimensional governing equations were obtained by adopting a closed form of
the Laplace transformation technique. The influence of various physical parameters on flow and transport characteristics was
analyzed with suitable graphs. From the investigation, it was observed that increasing the Soret number increased both the
concentration and velocity fields. Increasing the radiation parameter caused an upsurge in the Nusselt number but reduced
the Soret number.

Key words: chemical reaction, Rosseland appr

Résumé

Lobpaxrdecemﬂml‘obunﬁond‘m I exacte du probléme d'un écoud MHD, instable, inc ibl
rbant de la chal é ndmddenmumhbu pmauluneplmpewmak:o
d%ewuuelkmemmhkp&dmsunmﬂuupwﬂuuﬂuukenpzuuméémaplwmépmsetmnpu Un
champ magnétique est appliqué en direction transverse au flot. Nous considérons aussi les effets d'une augmentation de tem-
pérature arbitraire et de la diffusion thermique. L'approximation de Rosseland est utilisée pour décrire le flot de chaleur qui
apparait dans I'équation pour I'énergie. Des solutions analytiques sont ob pour les éq directrices adimension-
nelles en adoptant une forme fermée des transformations de Laplace. Linfluence des différents paramétres physigques des
caractéristique d'éconlement et de transport de l'écoulement est analysée i aide des graphiques pertinents. De cette étude, il
ressort que I'augmentation du nombre de Soret accroit les champs de concentration et de vitesse. L'sugmentation du paramétre
de radiation accroit le nombre de Nusselt, mais fait dédiner celui de Soret. [Traduit par la Rédaction|
Mots-clés : réaction chimique, approximation de Rosseland, optiquement épais, fluide non gris, diffusion thermigue

ion, optically thick, nongray fluid, thermal diffusion

1. Introduction
Magnetohydrodynamics (MHD) is the branch of physics as-

ment, cooling of liquid metals, and nuclear reactors, and ap-
plications of MHD in biological sy have been lied by

sociated with the interaction of electrically conducting flu-
ids with a magnetic field. Plasmas, electrolytes, liquid met-
als, and salt water are some common examples of such flu-
ids. Renowned Swiss scientist Hannes Alfven [1] introduced
the concept of MHD, for which he received the Nobel Prize in
1970. However, MHD is in its present form due to significant
contributions from other authors such as Cowling [2], Sher-
cliff [3], Ferraro and Plumpton 4], Roberts [5], Crammer and
P.nl(-].mdD:wdmpLEnprucnngappbaunmdmm
include the motor, dy iDg p

Can_ J Phys 100: 437451 (2022) | dx.dotoem10.1 13846p- 202 1.0361

Rashidi et al. [8]. Farrokhi et al. [9] investigated biomedical
applications of MHD. Apart from these, MHD has vast apphi-
cations in astrophysics, geophysics, chemical sciences, nan-
otechnology, etc

In a fluid mixture, density variation takes place due to
changes in both the species concentration and fluid tempera-
ture. This variation develops a buoyancy force, which acts on
the fluid. The flow produced by this force is termed “natural
convection” or “free convection”, Asimoni et al [10] stuclied
free convective viscous MHD flow past a vertical plate. Bo-

437

276



JP Jowmrnal of Heat and Mass Transfer

& 2021 Pushpa Publishing House, Provagra), India

bt/ fvrwrw_pphimj . com

hitpe Ve dod.org' 101 TESLHMO2 400 G2 T

Violumse 24, Mumber 1, 2021, Plﬁﬁ 3762 1553z 0975-5763

DIFFUSION THERMO EFFECT ON UNSTEADY MHD
FREE CONVECTIVE FLOW PAST AN IMPULSIVELY
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Abstract

The present invesiigation aims to study amabdically the problem
af free convective, unsicady MHD flow of a viscous, incompressible,
and eclectmically conducting fluid past a semi-infinite  vertical
plate with umiform heat and mass transfer in presence of diffusion
thermo effect. Exact solutions of the dimenssonbess governing partial
differential equatsons are obtained by adopting the closed-fomm
Laplace transformmation technique. Expressions of concentration
field, tempersture field. velocity ficld, plate comcentration, plate
tempembure, Nusselt number, Sherwood number and skin frction are
atinined and the effects of various flow parometers on them are
dizplayed graphically. The stndy reveals that Duofowr effect acoelerates
both fluid temperature and plate temperatore.
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