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2. HONESTY, SUPERHONESTY IN NEAR-RINGS AND NEAR-
RING GROUPS

-~

In this chapter we discuss tﬁe notions honesty and superhonesty in near-rings and
near-ring groups. The chapter is divided into four sections. Some of the contents of this
chapter form the papers [57], which is published in Indian Journal of Mathematics and

Mathematical Science and [58], which is published in Advances in algebra.

!

2.1. PRELIMINARIES:

This section contains some basic definitions and results which are used in the
sequal. Considering x as the set of all essential N-subgroups (0 € y) of N, we define -

honest, yx-closed, x-torsion, torsion, superhonest N-subgroups and discuss some examples.

Definition 2.1.1: Let y be the set of all essential N-subgroups such that 0 € y of near ring
N. Let K € E be an N-subgroup of an N- group E. We say K is y -closed N- subgroup of E
orKis y-closed inE, if forany I € y and any x € E, if Ix € K, then x € K.

Example 2.1.2: Let N = Zs be a set with operations ‘+’ addition module 6 defined as
example 1.5.1 and ‘.’ defined by following table:

0 1 2 3 4 5

1 0 4 4 0 4 y
2 0 2 2 0 2 2
3 0 0 0 0 0 3
4 0 4 4 0 4 4
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Then (Zs, +, . ) is a near-ring. If A = {0, 3} then A is N-subgroup of y\N. Since N € y, Ne
c Afore=0and 3. So A is y-closed.

Let Z be the near-ring of integers. Then 3Z is an essential N-subgroup of Z.
Now 3Z.x €2Z implies x € 2Z. So the N-subgroup 2Z of Z is y-closed.

Definition 2.1.3: Let y be the set of all essential N-subgroups such that 0 & y of near ring

N. Let K € E be an N-subgroup of an N- group E. We say K is y-honest N-subgroup of E

orKis y -honest in E, if forany I € y and any x € E, if Ix (# 0) € K, then x €K.

Example 2.1.4: Let N = Z; is a set with operations ‘+’ as addition modulo 6 defined as

example 1.5.1 and ‘.’ defined by following table:

Then (Zg, +, . ) is a near-ring.
If A= {0, 3} then A is N-subgroup of y\N. For N € y ,Ne (¢ 0) € A fore =0 and 3.

So A is y-honest.
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Note2.1.5:  IfKis y-closed in E, then K is y-honest in E.
Definition 2.1.6: Theset(B:a)={n e N/na € B}.
Proposition 2.1.7: If B is an essential N-subgroup of Eanda € Ethen (B : a) € y.
Proof: Letx,ye (B:a)—>xa,yae B

=>xa—-yaecB
=>(x-y)aeB
=x-y)eB:a)

Nextye(B:a)=>yaeB

For any neN, n(ya)e NB ¢ B [since B is N-subgroup of E].
So(ny)ae B=>ny € (B:a).

Thus (B : a) is N-subgroup of N.

Now B <.E, Let K be nonzero N-subgroup of N.

Since a € E, Ka is N-subgroup of E.
Ka=(0)=>ka=0e€B,Vk(=0)ekK

=>keKn(B:a)
=>KnNnB:a)=0

Ka#(0) >KanB=#0

Letkja (#0) € B, fork;e K.
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ThenkieB:a)>kie Kn(B:a)
Ifk; =0, kja= 0, a contradiction.
So ki # 0, which gives K n (B : a) # 0.
Thus(B:a)<N==>(B:a) e y.

Corollary 2.1.8: If Be yandaeNthen(B:a) e .

Definition 2.1.9: y -torsion of N-group E is the subset { e € E/Ie =0 for some N-

subgroup I of y} and is denoted by T, (E).
Definition 2.1.10: If T,(E) =E,Eiscalled y-torsion N-group.

Example 2.1.11: N = Zg is the set with two operations ‘+’ as addition modulo 8 and °.’

defined by following table. Then (Zg, +, .) is a near-ring.

0 1 2 3 4 5 6 7
0| 0 0 0 0 0 0 0 0
1| 0 4 0 4 0 40 4
20 0 0 0 0 0 0 0
3] 0 4 0 4 0 4 0 4
410 0 0 0 0 0 0 0
5|1 0 4 0 4 0 4 0 4
6 | 0 0 0 0 0 0 0 0
71 0 4 0 4 0 4 0 4
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Here 1= {0,2,4,6}c yandle=0,fore=0,1,2,3,4,5,6,7.S0 T,(E) =E,Eis y-

torsion N-group.
Definition 2.1.12: If T,(E) =0, Eiscalled y-torsion free N-group.

Example 2.1.13: N = Z;3 is the set with two operations ‘+’ as addition modulo 8 and ‘.

defined by following table. Then (Zs, +, .) is a near-ring.

0o 1 2 3 4 5 6 7
o] 0 o o 0o o 0 o 0
1| o 1 1 1 i 1 1 1
2l 0 2 2 2 2 2 2 2
30 0 3 3 33 3 3 3
4| 0 4 4 4 4 4 4 4
s | o0 s 5 s 5 5 5 5
6 | 0o 6 6 6 6 6 6 6
710 7 7 7 1 7 7 7

Here I=Ne yandIe =0, fore =0. So T,(E) =0,Eis y-torsion free N-group.

Proposition 2.1.14: If proper essential N-subgroups of N are distributively generated, then

T,(E) N-subgroup of E.
Proof: Lete,e2 € Ty (E) >3, hey such that I;e; =0, Le, =0.

Nowlinlk e X and (I] r\Iz)e1 = 0, (Il Nl )62 =Q.
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Since (I NIy ) is distributively generated, (I; NI )(e1— ¢, ) = 0.
Soe—e; e Ty(E).

Againlete € T (E),sole=0forle x.

To show fora € N, ae € T,(E).

Nowforle y,(I:a) € y, fora e N.

Letze (I:a)thenza e 1.

We get (za)e=0 [ since Ie =0]

= z(ae) =0

So,(I:a) € y suchthatz e (I:a)and ae € T, (E) .

Thus T, (E) is N-subgroup of E.

Definition 2.1.15: y-closure of M in E is the subset {e € E |Ie ¢ M, for some N-

subgroup I of ¥} and we denote it by CIE(M) or simply Cl, (M).
So M is y-closed if CLZ(M) =M.

Note 2.1.16: (i) Let M be an N-subgroup of E. Then M € Cl,’f(M).
[Since CIE(M) ={x€E/3I1€ y st Ix € M} and M N-subgroup of E.
(i) If M; & M, are N-subgroups of E, then CIf (M;) € CIf' (My) for M; Mz S E.

[Obvious from definition]

Example 2.1.17: In example 2.1.11, M = {0, 2, 4, 6} N-subgroup of \N. I = {0, 4} € y.

Now Ie €M forall e € N. So CI}/(M) = nN.

Definition 2.1.18: The set of torsion elements of E, TnN(E)={ e € E / (0,e) # 0}
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Definition 2.1.19: If Tn(E) = E, E is called torsion N-group.

Example 2.1.20: N = {0, a, b, c} is the Klein’s four group with multiplication

0 a b c
0 0 0 0 0
a a a a a
b 0 0 0 0
c a a a a

Then (N, +, .) is a near-ring. In NN, Tn(uN) =nN . So nN is torsion N-group.

Definition 2.1.21: If Tn(E) =0, E is called torsion-free N-group.

Example 2.1.22: N = {0, a, b, ¢} is the Klein’s four group with multiplication

0 a b c
0 0 0 0 0
a a a a a
b b b b b
c c c c c

Then (N, +, .) is a near-ring. In NN, Tn(nN) = 0. So nN is torsion-free N-group.
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Definition 2.1.23: An N-subgroup (ideal) M is called super-honest in E if x € E \ M for n

€N, nxeM=n=0.

If B is an N-subgroup (ideal) of N then B is called a super-honest N-subgroup (ideal) of N

if B is super-honest N-subgroup (ideal) of N considered N as N-group yN.
Example 2.1.24: Superhonest N-subgroups:

Here N={0, 1, 2, 3, 4, 5}, N, = {0, 1}, N3 = {0, 1, 2} are near-rings under the operation

‘+’ as addition module 6, modulo 2, modulo 3 respectively and the multiplication “*°

defined as
* 0 1 2 3 4 5
0 0 0 0 0 0 0
1 0 1 1 1 1 1
2 0 2 2 2 2 2
3 0 3 3 3 3 3
4 0 4 4 4 4 4
5 0 5 5 5 5 5
Now N, & N3 @ N is a group.

Wedefinethemap Nx (N, ®N;ON)-> N, @N; N

by n(a,b,c) =(n*a, n*b, n*c) forallne N,(a,b,c) e N2 @ N3 ® N,

where n*a € N, and n*b € Nj.
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Then N, @ N3 @ N is an N-group.
Now N, @ Nj is an N-subgroup of Né @ N;®N.

For (a1, by, c1)e (N2 @ N3 @ N) — (N, @ Nj3) implies ¢; # 0.
If for some n € N, n(ay, by, ¢;) € (N; ® N3)

= (n*a;, n*b;, n*c;) € (N2 ® N3)

=> (n*a;, n*by, n)e (N, @ N3) [since c; # 0]

=n=0.

So N, ® Nj is a superhonest N-subgroup of N, © N3 © N.

Definitions 2.1.25: An N-subgroup M of E is called essentially closed if V\Vhenever Cisan

N-subgroup of E such that M cC then C =M.

An N-subgroup M of E is called weakly essentially closed if whenever C is an N-subgroup

of E such that such that M cy. C then C =M.

2.2 CHARACTERSTICS OF x - HONEST N-SUBGROUPS:

In this section we characterize y-honest N-subgroups using the concepts like -

closed, x-torsion.
Lemma 2.2.1: Let H € M C E be N-subgroups, then the following statements hold.

(@If H is y-honest in M and M is y-honest in E then H is y-honest in E.
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(b)If M is y-honest in E if and only if M/ H is y-honest in E/H, where H is ideal of E.
(c) If H is ideal of E and H, M/ H are y-honest in E/H, then M is y-honest in E.

Proof: (a)Lete € E,1€ y be such that Ie(# 0) € H, thenIe € M [since H € M] hence e

€MasMis y-honest in E.

ButeeM,leC H=e€HasHis y-honestin M. Soe €E,I € ysuchthatleCH=>¢

€ Hgives His y-honest in E. ~

(b) Lete € E, 1 € y be such that I(e + H)(# 0) € M/H’ then Ie (# 0) € M. Hence e € M,

Wegete+HE M/H' So M/ H is y-honest in E/H.

(c) Lete €E,I € y be such that Ie (# 0)< M. IfIle € H thene € H € M. If Ie & H, then
(0#)e+H)€ M/, hence (e+ H) € M/} and we gete € M.

Similarly we get the same properties for x-closed N-subgroups also.

Lemma 2.2.2: Let {M, : A € A} be a family of y-honest N-subgroups of E, then N; M; is

x-honest.
Proof: Lete EE,I € ybesuchthatle(=0) S Ny M;,~leCSM,, VA

= e EM, [+ M, yclosed] VA
= e €Ny M,

Similarly we get the lemma for x-closed N-subgroups also.

Lemma 2.2.3: If proper essential N-subgroups of N are distributively generated then for

any left N-group E and any N-subgroup M € E we have CIE(M) is an N-subgroup of E.
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Proof: Let X;, X, € CIE(M), then there exist I, I € y suchthat X, € M fori=1,2.
Since I|N1; € y and 1N I, is distributively generated.

So,(H NL) (X +X;) € M.

Then 1\5(1 +X; € CIZ(M)

Letx € Cl;(M) and n € N, then there exist ] € y such that Ix € M.
sincel € y ,wehaveJ=(:n)€ y ie. Jn € L

So we have Jnx € Ix SM, hence nx € CL3(M).
Thus CIE (M) is an N-subgroup of E.

Lemma 2.2.4: CIf (My) n CI§ (My) = CIE (M; n M) for any N-subgroups M;, M, S E

and N-group E.
Proof: We always have CIZ(M; N My) & CIE(M;) n CIF(M>)

v x € ClEM;Nn My)= 3J1€ y suchthatlx SM;N My ie. IxEM,,Ix €M,
ie.x€ CIE M), x€CEM,) = x€ CIEM,;) n CIEMy).
Otherwise if x € CIE(MI) n Cl)‘z(Mz) , there exists I}, I, € y, such that [x € M;
then;n; € y henceiNLXxSMN Myand x€ Cly(M; N My).
Definition 2.2.5: The set y of essential N-subgroup is called linear filter if IS N and J €

xsatisfy(I:y)€ yforanyy €J,thenl € y . Itis denoted by L .

Proposition 2.2.6: Let L be the set of essential N-subgroups, then the following

statements are equivalent:
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(a) L is a linear filter .

(b) CIECIE = CIE for any N-group E.

Proof: (a) =(b): If M € E is an N-subgroup and x € CIZCIE(M), 31 € £ such that Ix
C CIEM) , thentoany y €1 3 Iy € Lsuchthatlyyx €M, L,y © (M :x) ie. for any l,yx

C M, hence (M : x) : Y) belongs to L, therefore (M : x) € L as L is a linear filter.

= x € CIEM) = CIECIEM) € CE(V)

CIE(M) € CIECIE(M) is obvious by definition of y-closure.

+ Thus CIEM) = CIECIE(M).

(b)=> (a): Let J € £ and I € N be such that for any y € J the N-subgroup (I:y) € L,
Hence N= CIE()) € CIECIE(D) = ClE) -

~CE(D =N and we have ] € L.

Lemma 2.2.7: Let M € E be an N-subgroup then the following statements are equivalent:

a. Mis x-honestinE.
b. Form € (CI;(M)\M we have (M : m)= Ann (m)

c. Form € (Cly(M)\M we have Nm n M =0
Proof: (b) = (c) Let for some x € (CIEQM)\ M, (M : x) = Ann (x)
ToshowNx N M=0

LetP(#0)eENxNM =>P€eNxandPEM

=>P=nx forsomeneENandPeM
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ie.nx EM.ie.n€(M:x)
But (M : x) = Ann (x).

~n € Ann( x) = nx = = P = 0, a contradiction.

(c) =(a) For any x € (CIZ(M) \ M and Nx N M =0, to show M is x-honest in E.
Let forsomeI € xande €E. 0 # Ie € Mtoshowe EM.

If possible e & M. But e € Cl (M)

~NeNM=0=Ie N M= 0. Which is a contradiction, since [e € M.
~eE€M=Mis x- honestinE.

(a) = (b) Letx € (CIZ(M) \ M.
Then there exists ] € y withIx € M, then Ix=0[ * M is honest in E, x ¢ M]
Hencel € Ann (x) € (M : x), therefore M :x) € .
Hence (M : x) = Ann (x).

Lemma 2.2.8: Let M © E be an x-honest N- subgroup, then Cl)‘?(M) =MUT, [E)
Proof: Letx € CIE(M)

=+ M € CIE(M), - if x € M done.
Ifx¢M asx€ CI{(M),3 1€ ysuchthat0=Ix S M [~ Mis x-honest inE]
=x€ T,(E) =xeMU T,(E)

Conversely let x€ MU T, (E)

= ifx € M thenx € Cl5(M) obvious.
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x€T , (E)=31€ xsuchthat x=0EM=>x€ CIZ(M)

~CEM)=M U T, (E)
Corollary 2.2.9: Let M € E be an N-subgroup such that T, (E) €M, then M S Eis ¥ -

honest N-subgroup if and only if itis y-closed.

In particular, if E is y- torsion free then an N subgroup M € E is y-honest if and

only if it is y- closed.

Proof: By lemma 2.2.8 if M € E is y-honest then CI}% M)= MUT,(E) =M|[as
T, (E) €M]

~ Mis y -closed.

Conversely, M is y -closed = y honest obvious.

In particular E is y — torsion free = T, (E) =0
So M €E is y- honest = CI§ M=MUT,(E)=M.

Thus M is y-closed in E.

Corollary 2.2.10: Let L be a linear filter, then for any N-group E the torsion N-subgroup

T.(E) is L-honest.

Proof: Since L is a linear filter then T,(E) is a L-closed N-subgroup, hence £L-honest.
[ Te(E) = CIZ(0)]-

~» L-linear gives CIECIE(0) = CIE(0) which gives CIZ(0) is L-closed.

ie. T,(E) is L-honest.
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Remark 2.2.11: £ is a linear filter if and only if T,(E) € E is L-closed for any N-group E

if and only if T.(E) € E is L-honest for any N-group E.

Corollary 2.2.12: Any y -honest N-subgroup M C E satisfies either M & T, (E) or

Ty (E) € M, if proper essential N-subgroups of N are distributively generated.

Proof: Since M is y -honest in E. So CI; (M) =M U T, (E).

CI% (M) & T, (E) are subgroups.

Hence either M is included in T, (E) or Ty, (E) is included in M, as union of two subgroups

is subgroup if one contain the other.
Note 2.2.13: If L is a linear filter and M is L-honest in T;(E), then M is L-honest in E.

~ L linear filter = T, (E) is L-honest.
~ M is L-honest in T;(E) and T(E) is £-honest in E = M is L-honest in E.

Corollary 2.2.14: (+ 0) M C E is x-honest and if M is x-torsion free then E is x-torsion
free and (# 0) M € E is x-closed if proper essential N-subgroup of N is distributively

generated.

Since (# 0) M € E is x-honest so by corollary 2.2.12 either M S T,, (E) or T, (E) € M.
First to show T, (E) =0, if M is x-torsion free.

Letx(#0)€ T, (E)= 3 1€ ysuchthatIx=0.

Nowifx € M,Ix# 0,V I€ y [+ Misx -torsion free], a contradiction.

Again let (# 0) x € M, so we get M € T, (E)
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For this condition forany y € M = y € T, (E)

= Jy =0 for some J € y.

But M is x- torsionfree, a contradiction. /
~x =0=> E is x -torsion free.

Next to show M € E is x —closed.

Letx€E, 1€y suchthatIx € M.

Now E is x-torsion-free, Ix # 0.

Again M is x-honestinE,so Ix (#0) € M =xeEM

= Mc Eis x-closed.

2.3 CHARACTERSTICS OF SUPERHONEST N-SUBGROUPS:

This section contains some properties of superhonest N-subgroups. The concepts
like essentially closed, torsion are used to discuss various characteristics of superhonest N-
subgroups. We also attempt to find some relation of x-honest and superhonest N-

subgroups.

Lemma 2. 3.1: Let M be an N-subgroup (ideal) of E. Then M is a super-honest N-subgroup

. (ideal) of E if and only if for each a € E, (M : a) is a super-honest N-subgroup (ideal) of N.
Proof: Let M be a super-honest N-subgroup of E.
Ifn e Nissuchthatn ¢(M: a) withn'n € (M : a) forsomen’ € Nthen n'na e M.

Since M is a super-honest N-subgroup of E, we have n’ = 0.
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-Hence (M : a) is a super-honest N-subgroup of N.
Conversely let (M: a) be a super-honest N-subgroup of N.
Ifae Eissuchthata ¢ M withna € M for somen € N then1 ¢ (M : a).
This impliesn.1 =n e (M : a).
Since (M : a) is a super-honest N-subgroup of N, so n=0.
Hence M is a super-honest N-subgroup of E.

Lemma 2. 3.2: Let M be an N-subgroup (ideal) of E. Then M is a super-honest N-subgroup

(ideal) of E if and only i{f (M: a) =0 foreacha € E - M.

Proof: Let M be a super-honest N-subgroup (ideal) in E. Then for each x € E-M,n € N,

nx € M implies n = 0, this gives (M: x) =0, for each x € E~ M.
On the other hand let (M: >‘<) =0 foreachx e E-M.
If for somen € N, nx € M thenn € (M : x).
This implies n = 0. ~This gives M is super-honest in E.

Lemma 2.3.3: {0} is a super-honest N-subgroup of N if and only if N has no left zero

divisors.
Proof: If N has no left zero divisors then {0} is super-honest N-subgroup (ideal) of N.
[Since ne N, x € N—0, nx = o0 implies n = 0]

Let {0} be a super-honest N-subgroup of N. If n (# 0)eN satisfying n'n = 0 for some n’

e N then n’ = 0. Thus N has no left zero divisors.
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Example 2.3.4: Z; is a near-ring under the operation ‘+’ as addition module 6 and the

multiplication “** defined as the following table:

* |0 1 2 3 4 5
0 0 0 0 0 0 0
1 0 1 1 1 1 1
2 0 2 2 2 2 2
3 0 3 3 3 3 3
4 0 4 4 4 4 4
5 0 5 5 5 5 5

Here {0} is superhonest N-subgroup of Zs. Zg has no zero divisors.

Lemma 2.3.5: N-group E has a proper super-honest N-subgroup (ideal) M, then N has to has

no left zero divisors.

Proof: M is super-honest N-subgroup (ideal) in E
< M:a)=0 for acE — M [by lemma 2.3.2]
& 0=( M a) is super-honest N-subgroup (ideal) of N for ac E — M [by lemma 2.3.1]
& N has no left zero divisors, where M is proper super-honest N-subgroup (ideal) of E.

Lemma 2.3.6: Let M be an N-subgroup of E. If M is a complement N-subgroup of some

N-subgroup of E then M an essentially closed N-subgroup of E.

Proof: Suppose M is a complement N-subgroup of an N-subgroup C of E.
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If there exists an N-subgroup D of E such that M < D and M is an essential N-subgroup of
D, then D n C is a non zero N- subgroup of D.

Bu(DNC nMcCnM =0, a contradiction to the fact that M is an essential N-

subgroup of D.
So M is an essentially closed N-subgroup of E.

Lemma 2.3.7: If M is an weakly essentially closed N-subgroup of E then M is a

complement N-subgroup of M® in E.
Proof: Suppose there exists an N-subgroup D of E such that D >Mand D n M°=0.

By given condition M is not weakly essential N-subgroup of D and so there exist a non

zero ideal D’ of D such that D’ M = 0.

ThenD A (M°+D") =D’ + (M°A D) =D

NowMnNnD' =MnDnNnM°+D")

=0=M N (M°+D").

Therefore M N (M® + D') = 0, which contradicts to the fact that M° is a complement N-

subgroup of M in E. So M is a complement N-subgroup of M® in E.

Although every weakly essential N-subgroup is not essential, for some near-rings and

N-groups every weakly essential N-subgroup is essential.

Example 2.3.8: If P is a division near ring, Z is the ring of integers then P X Z is a near
ring with respect to componentwise addition & multiplication then every weakly essential

P X Z subgroup of P X Z is essential.
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N=1{0,1,2,3,4,5,6,7} is a near-ring under addition modulo 8 and multiplication defined

as follows:
* 0 1 2 3 4 5 6 7
0 0 0 0 0 0 0 0 0
1 0 1 2 3 4 5 6 7
2 0 2 4 6 0 2 4 6
3 0 3 6 1 4 7 2 5
4 0 4 0 4 0 4 0 4
5 0 5 2 7 4 1 6 3
6 0 6 4 2 0 6 4 2
7 0 7 6/ 5 4 3 2 1

Clearly, every weakly essential N-subgroup of N is essential.

If so we get the following:
From lemma 2.3.6 and lemma 2.3.7 we get the following:

Lemma 2.3.9 : If M is an N-subgroup of E and M®is a complement N-subgroup of B in E,

then the following statements are equivalent.

(i) Mis essentially closed N-subgroup of E.
(ii) M s a complement N- subgroup of M® in E

(iii) M is a complement N- subgroup of some N-subgroup of E.
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Lemma 2.3.10: If M is an N-subgroup of E such that T,(E) < M, then M is an essential

N-subgroup of CL (M).
Proof: Let A be N-subgroup of Cl, (M).We assume A "M = 0.
Let meA, then me Cl, (M) implies Im ¢ M, for some essential N-subgroup I of y .

AlsolIm c A impliesImcM N A=0.
This gives Im =‘0.

Thus me Tx(E) c M. So,meA N M.
~ m = 0. This gives A=0.

Thus M is an essential N-subgroup of Cl, (M).

If M is a essentially closed N-subgroup (ideal) of E such that T,(E) < M, then by above
we get M = CL,(M). On the other hand if M is an x-closed N-subgroup (ideal) of E then M
is essentially closed N-subgroup of E and T,(E) < M. For if M is an essential N-
subgroup of C where C is N-subgroup of E then for each x €C, (M : x) is an essential N-
subgroup of N, so belongs to y, then x € Cl,(M) = M. Hence C = M. Thus M is a

essentially closed N-subgroup of E. Hence we get the following lemma:

Lemma 2.3.11 : Let M be an N-subgroup of E. Then M is essentially closed N-subgroup of

E satisfying T,(E) < M ifand only if CL (M) =M.

Corollary 2.3.12: If every weakly essential N-subgroup is essential in E then (1) M is

essentially closed & T,(E) = M, (2) M is a complement N-subgroup of M° & T,(E) c M,
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(3) M is a complement N-subgroup of some N-subgroup of E & ,(E) c M (4) M is y-

closed are equivalent.

Lemma 2.3.13 : If M is an ideal of an N-group E then M is super-hone'st in E if and only if

M is essentially closed inE, T,(E) <M and T, (E/M) 2Tn(E/M).

Proof: Let C be an N-subgroup of E such that M < C. Then there exists a € C — M such
that Na is a non zero N-subgroup of C. Since Na " M # 0, so (M : a) # 0, this contradicts
that M is a super-honest N-subgroup of E. Thus M = C. Thus M is essentially closed.

Againa € TN(E) = (0:a) =0
=>x(x0)€(0:a)soxa=0.
If a € M then it is done.

Ifa ¢ Mi.e. a € E\M then x =0 [~ M is super-honest in E].

Hence contradictiontox #0. Soa € M.

Thus Tn(E) € M. Andso T,(E) <M, because T,(E) < Tn (E).
Now Tn(E/M) =0 . Since Tn(E) = {a € E/ (0 : a) # 0}.

So Tn (E/M) = {a € E/M : (0: 3) # 0}.

Let aeTN(E/M),a¢ M=(0:3)+#0

= 3 x(z 0) such that x € (0: 3)

=xa=0

=>xa+M=M = xa € Mwherea ¢ M

=> X =0, + M is super-honest in E.
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Therefore V a € E\M, (0: @) = 0 and so Tn(E/M) =0 =M.
- T(E/M) 2 Tn(E/M) holds trivially.
Conversely let a € E\ M with na € M for some n€ N.

Ifn#0,thena=a+M € Ty (E/M).
[“nA=na+MeM=0=n€0:3) =13 € TN(EM)].

So a € T,(E/M). Thus (0 : 3)= (M : a) belongs to .
So a € CL,(M) =M, a contradiction [ by lemma 2.3.11].

Proposition2.3.14: Let M be an ideal of an N-group E. If M is -closed in E and T, (E/M)

D Tn(E/M) then M is complement N-subgroup of some torsion-free N-subgroup of E.
Proof: M is x-closed N-subgroup of E = M essentially closed N-subgroup of E.

So by Lemma 2.3.7 M is complement ideal of M° in E[ since essentially closed implies

weakly essentially closed is obvious], where M° is a complement of M in E.
It remains to show M° is a torsion-free N-subgroup of E.
Suppose there exists 0 # a € M® such that na = 0 for some 0 # n € N.

Thena=a+ M €Ty (E /M) and so a € T,(E/M), which implies that (0:3) =M :a)

belongs to .

Thus a € Cl,(M) = M. But then a € M N M® =0, contradiction to 0 # a.

Therefore M° is torsion-free N -subgroup of E.
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Corollary2.3.15: If M is an ideal of an N-group E and every weakly essential N-subgroup
of E is essential then (1) M is super-honest in E (2) M is complement N-subgroup of some
torsion-free N-subgroup of E and T,(E) ¢ M and T,(E/M) 2 Tn(E/M) (3) M is y-closed
and T,(E/M) o Tn(E/M) (4) M is an essentially closed in E, T,(E) c M and T,(E/M) 2

Tn (E/M) are equivalent.

Corollary 2.3.16: Since T,(E/M) c Tn(E/M) is obvious, we have T, (E/M) o Tn(E/M) if
and only if’ T,(E/M) = Tn(E/M). Again T,(E/M) 2 Ty(E/M) if and only if (M : a) # 0 for
some a € E, then (M : a) is an essential N-subgroup of N. If yN is uniform i.e. intersection
of two non-zero N-subgroups is non-zero then T,(E) = Tn(E) [*x € Ty(E) => (0:x) # 0
=> intersection of (0 : x) with nonzero N-subgroup is non-zero = (0 : x) is essential in N ::>

x € T(E)].

Corollary 2.3,17: If yN is uniform and if M is an ideal of an N-group E and every weakly
essential N-subgroup of E is essential then (1) M is super-honest in E (2) M is complement
N-subgroup of some torsion-free N-subgroup of E and T,(E) ¢ M (3) M is x-closed (4) M

is an essentially closed in E, T, (E) ¢ M are equivalent.

Note2.3.18: (1) It is clear that N-group E is a super-honest N-subgroup of E itself.
(2) Again Every super-honest N-subgroup contains Tn(E).

[Let M is a super-honest N-subgroup of E. x € TN(E) = nx=0,n e N.
If x e M it is done.
Ifx ¢ Mie. x € E\ M then n=0 as M is super-honest in E, a contradiction.

Sox e M =TNE)S M]
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(3) It is also clear that if E is torsion N-group, then E is the only super-honest N-subgroup
of E. [Since E is torsion N-group => Tn(E) = E . If M is super-honest ideal of E, then M

contains Tn(E). = M contains E. So M = E]

Proposition 2.3.19: If for each i € I, M is a super-honest N-subgroup (ideal) of N-group

E, then N M; ie€lis also a super-honest N-subgroup (ideal) of E.
Proof: Letx € E, x € N igM;, with nx e NigM; for someneN.
NowletxeEand x € M;forsomeiatleastandnx e M; Viel
= n=0 asM; is super-honest in E

=> NigM; is super-honest N-subgroup of E.

The intersection of all super-honest N-subgroups (ideals) of E is the smallest super-
honest N-subgroup (ideal) of E. We denote it by P. If P € E, then E has proper super-

honest N-subgroups, otherwise E is the only super-honest N-subgroup of E itself.

Lemma 2.3.20 : If E and E’ are N groups, f is a N-homomorphism from E to E’, then for

each super-honest N-subgroup B’ of E, f!(B’) is a super-honest N-subgroup of E.

Proof: Let ac E- f~'(B’) with na e f™'(B’) for some neN. Then f(a)e E'— B’ and nf(a) =
f(na) e B’. Since B’ is super-honest in E’, it follows that n = 0. Hence f “1(B") super-honest

inE.

Corollary 2.3.21: If P is the smallest super-honest N-subgroup of an N-group E, then for

each N-endomorphism f of E, {'(P) o P> f(P).

Proof: Since {'(P)is a super-honest N-subgroup of E, f/(P) o P. Hence P O f(P).
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As the smallest super-honest N-subgroup P of an N-group E, we know P 2 Cl, (D),

where D is the N-subgroup of E generated by Tn(E).

Note 2.3.22: But if B is super-honest in E, then the following example shows that f{(B) is

not super-honest in E.

As example 2.1.24 if E is the N-group Z; @ Z; ©Z¢ of near-ring Zg then P = Z, ® Z3is
superhonest in Z, @ Z3 @Z¢ . So w(P) = Z, is not super-honest in E, where 7t is the

projection from E onto Z;,
Proposition2.3.23: T, T,(E) = Cl, T,(E) is x-closed N-subgroup of E.

Proof: For any two N-subgroups define a relation ~ st. M; ~M; &M nX=0if
and only if M, N X = 0, for ahy N-subgroup X of E, M; ,M, N-subgroups of E. Then for
an N-subgroup M of E if M ~ E then M is essential in E. In case E = N, M is essential N-

subgroup of N.
Now we prove (1) CL, (M) ~ M + CL,(0)

Let X be an N-subgroup of E such that (M + CL,(0)) n X =0
Letm € CL, (M) N X.
Now mECIx(M) = J A€y suchthat AmES Mandm € X = Am S X

tAMEMNX=0[+0=(M+ClL(0) nX2MnX]
= meCL(0)and m€ X=>meCL(0)NX=0=m=0-C,(M)NX=0.
@P~M=PcC, M)

Let p €P. Consider A= { x € N/xp € M } = (M : P) essential N-subgroup of N.
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~ p€Cl, M).

Now CL,(M) ~ M + CL (0) .
In place of M considering Cl, (M) we get CL,Cl,(M) ~ CL (M) + Cl, (0) =Cl, (M)
i.e. CL,CL,(M) ~ CL (M) .

Again ClLCl,ClL (M) ~ CL,CL(M).
ie. Cl,CLCL (M) ~ Cl,CL (M) ~ CL, (M) ie. CLCLCL(M) ~ CL(M).

So by (2), CL,CL,CL (M) € CL,CL (M).
CLCL CL (M) 2 CL,Cl, (M) is obvious.
~ CL,Cl, CL, (M) = Cl, CL, (M).i.e. CL,CL (M) is -closed.

In particular CLCl, (0) = T, T,(E) = Cl, T, (E) is x-closed.

Proposition 2.3.24: If yN is uniform, for each N-group E, Tn(E) = T, (E) and then every
x-closed N-subgroup of E is super-honest in E. In particular T, T, (E) is a super-honest N-

subgroup of E.

Proof: If NN is uniform, for each N-group E, Tn(E) = T,(E) by corollary 2.3.16. Then
every y-closed N-subgroup of E is super-honest in E by corollary 2.3.17. In particular

T, T,(E) is y-closed N-subgroup of E, hence super-honest in E.

Proposition 2.3.25: If the N-group E has no proper super-honest N-subgroup, P/is the
smallest super-honest N-subgroup of the N-group E/, then for each N-homomorphism f

from E into E, f(E) c P’
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Proof: By proposition2.3.20. f(P) is a super-honest N-subgroup of E. But E has no

proper super-honest N-subgroup and so f~ 1(P’) =E. Then f(E) c P'.

Corollary 2.3.26 : If the N-group E has no proper super-honest N-subgroup, E is a

torsionfree N-group then only N-homomorphism from E into E' is the zero homomorphism.
Proof: Since E is torsionfree, 0 is the smallest super-honest N-subgroup of E/.

Note 2.3.27: If M is an ideal of an N-group E then M is super-honest N-subgroup of E

implies M is y-honest [by corollary 2.2.9 and lemma 2.3.13].

2.4 Some special types of y-honest and superhonest N-groups:

In this section, considering x as a set of essential N-subgroups, we study various

characteristics of x-honest and superhonest N-subgroups.

Throughout this section by y we mean a non empty set of essential N-subgroups of near

ring N.
It is to be noted that that Lemma2.2.1 and Lemma 2.2.2 .hold for this set y.
Moreover if y is closed under intersection we get proposition 2.1.14.

Definition 2.4.1: y is called weak closed under intersection if for any I;, L€ y there

exists ] € ysuchthat] € Iinl,.

Definitions 2.4.2: y is left N-closed if foranyn € Nandany I € y,thereisJ € y such

that I nc L. Thus for any elementn € Nandany I € ¥y wehave (I:n) € y



64

x is left E-closed if for any a € E and any N-subgroup B of E thereisa J € y such

that JacB. Thus for any element a € E & any N-subgroup B of E we have (B :a) € y

Lemma 2.4.3: If yis weak closed under intersection and proper essential N-subgroups
of N are distributively generated then for any N-group E and any N-subgroup M of E ,

CIE(M) is a subgroup of E.

Proof: Let X, X, € CI)E((M), then there existI;, I € y suchthat [ X; € MforI=1,2

then 3Jey suchthat J(X;+X;) €SI NnL)X;+X3) €EM,then X; +X; € Cl,’?(M)

Lemma 2.4.4: y is weak closed under intersection if and only if Cl,% Mpn Cl,‘% My) =

CI¥ (M n M) for any N-subgroups M, , M, of N-group E.
Proof: We always have CIE(M; N Mz) €& CIE(M;) N ClZ(My) , for

x € CEMNM) = J1€ y suchthat kEM;N M, = IxEM;,Ix EM,
=x€ CEQM),x€CEM,;) =xe CEM)n CEMy) .

Otherwise if x € CIE(My) N CIE(My) , there exists I;, I, € y, such that xS M; then

there exists JE y such that J < I; N I hence Jx € M n M, and Cl(M; NMy).

Next let I;, I, € x, then 1 € CIY(I)) and then 1 € CIY(Iy) n CIY (1) = CIY(1iNL) hence

thereexist J =J.1 € y suchthatJS I, NI, -~ y is weak closed under intersection.

Lemma 2.4.5: If y is closed under intersection then y is left N-closed if and only if le(M)

is a N-subgroup for any N-subgroup M € E and any left N-group E.
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Proof: letx € CIE(M) and n € N, then there exist I € y such that Ix € M, since there
exist] € y suchthatJn € I, we have Jnx € Ix € M, hence nx € CIE(M).
Nextlet] € y andn € N, then Cl,% (D =N, hencen€ Cl,% (D) and there is J € y, such that

JnCl
Definition2.4.6: y is inductive if for any I € y and any left N-subgroupJ 21,J€ x .

Definition2.4.7: A set of essential N-subgroups is called topological filter if it is closed
under intersection , inductive and left closed.
Lemma2.4.8: Let y be inductive, then the following statements are equivalent:

" (1) y is a topological filter.

2) Clg( M) is an N-subgroup for any N-subgroup MS E.
Proof: We only need to show the implication (2) =(1).

It is obvious that y is weak closed under intersection and left closed as Cl)‘f (M) is an N-
subgroup for any N-subgroup M € E . Then y is a topological filter because it is inductive,

therefore it is closed under intersection.

Definition2.4.9: A topological filter is a linear filter whenever it satisfies: if ICNandJ €

T satisfy (I: y) €T foranyy € J,thenI €T .

Proposition2.4.10: Let T be a topological filter, then the following statements are

equivalent:

(c) T is alinear filter .

(d) CIECIE = & for any N-group E.
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Proof; (a) =>(b) If M C E is an ideal and x € CIZCIE(M) , 31 € 7 such that Ix € CIE(M) ,
then to any y €1 31, € T such that [yx €M , L,y € (M : x) =for any ,yx EM,

hence (M : x) : Y) belongs to T, therefore (M : x) € T as T is a linear filter
= x € CIE(M)
~ CIECEM) < CEQv)
CIEE(M) < CIECIE(M) is obvious.
Thus CIE(M) = CIECIE(M).
(b) = (a) Let J € T and ISN be such that forany y € J the ideal (I: y) € T,
Hence N= CI¥() € Cl¥ cl¥@m = cl¥q)
~ Cl¥ () =N and we have I € T, (when T set of N-subgroups)

Note. 2.4.11: When T is only a topological filter, we have that CIZ(M) is N- subgroup.

When T is linear filter CIE(M)is T closed.
Proposition2.4.12: Let MC E be an ideal then the following statements are equivalent:

(a) Mis y-honestin E.
(b) In addition y is inductive, then above is equivalent to
(c) Form € (CI;(M) \ M we have (M: m) = Ann(m)

(d) For m € (CI(M)\M we have Nm N N =0

Proof: (c) =(d) Lemma 2.2.7

(d) =(a) Lemma 2.2.7
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(b) =(c)Letx € (CI%(M)\ M, then there exists | € y withIx € M, then Ix =0
[~ Mis honest in E, xgM]
Hencel € Ann (x) & (M: x), therefore (M: x) € y [ = x is inductive]
Hence (M: x) = Ann (x).
(c)=(d) Lemma 2.2.7

Note 2.4.13: We get lemma 2.2.8, corollary 2.2.9, corollary 2.2.10, remark 2.2.11, note

22,13

Corollary2.4.14: Let y be weak closed under intersection and proper essential N-
subgroups of N are distributively generated, then any y-honest N-subgroup M € E satisfies

either M € T, (E)or T,(E) EM.

Proof: Since y weak closed under intersection and proper essential N-subgroups of N are

distributively generated CI,% (M) and T, (E) are subgroups . The proof follows from 2.2.12.
Note2.4.15: Following it we get corollary 2.2.14
Note2.4.16: For y as a set of essential N-subgroups of N we get lemma 2.3.10.

Moreover if M is E-closed we get all relations between y-closed, y-torsion, torsion,

superhonest N-subgroups as in section 3.
Let y be a non empty set of N-subgroups such that 0& y of near ring N.

For this set also giving the definitions in the same way we get all results of this section.



